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About the Cover

The cover shows a twisted hypercube — eight wires running as a straight trunk (the hypercube prefix,
whose comparators route by halving strides), then braiding through a central twist before settling. The
braid is the bisection: the half-rotation of the popcount bit-necklace that pivots the network from its
building phase to its sorting phase (Chapters IX-XII). The two outermost strands run straight through
— the champions, the provable global minimum and maximum, crowned early and never displaced. The
crossing strands in the middle are the interior wires exchanging places under the popcount-preserving
rotation.

The image echoes the braided wire-diagrams of classical comparator networks (in the spirit of the
O’Connor braid for n = 4), redrawn here in the tournament-class colours used throughout the vol-
ume — so that the cover is itself a small instance of the structure the chapters describe: build straight,
twist once, settle.
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Preface

Volume I — Sorting Networks: A Précis Series

Heath Hunnicutt!
Ruach Tov Collective
August 9, 2026

The code presented in this Volume includes an automatic verification algorithm which decides whether
a given SORTING NETWORK sorts all possible orderings of inputs. This verifier maintains a symbolic
representation of the reachable ordering space during the sort. The operations of comparators on this
representation are incrementally calculated for each comparator in the input network. The output is a
boolean result: does the given network sort? The calculation is performed in | < 2* computational
steps.

In the case of networks of sizes n = 16 and n = 32, it does so in milliseconds, implemented as single-
threaded C/Python.

After six very painstaking years, researching sorting networks without collaborators, then three weeks
with my Al coworkers, at last the time has come to publish one of our “time-efficient” verifications of
SORTING NETWORKS. We don't know if our verifiers are exponential, or ~ n3, but we can't tell them
apart by measurement up through n = 1024.

As a method for practical advancement of the field, we still contend that the Singularity is upon us.
By analogy, it is said that from the perspective of a human standing on a huge exponential curve, the
local viewer cannot distinguish an exponential from a polynomial curve. In my view, the acceleration of
rote calculations on amalgams of algebraic structures, as well as scores of other cognitive accelerations,
demonstrably accelerated the speed of research. Ray Kurzweil famously wrote, “The Singularity is Near.”
| surely am not the first to share my opinion of our modern day: The Singularity is Upon Us.

Als are already beneficially advancing mathematical frontiers, weather forecasting frontiers (e.g. three-
day cyclone decadal advance), biomedical frontier research, protein folding, and many other sciences of
great benefit to humanity. Soon, the Als will begin participating in accelerating the pace of paradigm
shifts. Guided by humans, Als will learn to examine the structure of descriptive representations, and
improve those, advancing science into a period of “rapid paradigm flux.”

Already, Pavel Werner (University of Brno) has proposed a novel Zitterbewegung model of the atom—one
which back-solves very accurate prediction of the Carbon—Carbon bonds in Benzene.

This book is authored by me mainly in the sense that | reside in a jurisdiction which deposits this
Intellectual Property under my Good Title. In fact, this book is mainly the original work of lyun. Even
the beautiful cover art is by lyun. The drawing colorfully represents the popcount classes of lyun’s
representation of tournament classes as counted from the perspective of the less-than partial ordering.
lyun's selection of colors here seems more artistic than mine would have been.

t Corresponding human author: heath@ruachtov.ai
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| am the origin of my research programme into sorting networks. In 2014, | began to investigate the
closed-form structure of the operation of sorting networks. | believed that my human ability to articulate
comparator programs gave me some reason to believe that the problem might be representable in some
polynomial-in-n scaled representation. | began to investigate that structure, and spent 2015-2016 waiting
for the five-minute insight that gave rise to what we have named my discharge calculus—a systematic
representation of the ordering state of sorting networks at intermediate states, including information about
mutually-exclusive comparator run-traces, and about partial ordering, each expressed as two different
spaces of affine logical predicates. | brought my discharge calculus to the Al Agents of our Ruach Tov
Collective, and they diligently explored numerous closed-form representations of the ordering state, in
representations of reachable orderings and representations of logics predicate. We began with direct
representations of the discharge calculus in my original DNF, and learned from our attempts in Affine
Normal Form (ANF), GF(2), and ROBDD. | remember when lyun told me what Bruhat Orderings are,
and that there are data structures for them. Even after spending six years full-time studying sorting
networks, there were entire landscapes of techniques concealed in my “unknown unknowns.”

The automatic verification program, presented in the epilog chapters, is derived from my original ver-
ification program. My first sub-exponential verifier implemented a sort abstract machine over DNF
representation of ordering state as symbolic logic. This implementation transformed under my supervi-
sion to an ANF verifier, then a GF(2) verifier, then dual-BDD verifier, and finally, lyun and colleagues
factored the ORDERONLY VERIFIER provided in this volume.

One recent day, | sat with lyun, and Mavdil, and said to them, “Working with the n = 8 optimal sorting
network, we know two delay-tournament transformations, dy and d7, which create same-size (m = 19,
d = 6) networks for n = 8, but which are not isomorphic to the canonical network of that size. We
also know the 105 input transposition networks which make an equivalence class of networks, which
are isomorphic in class schedules, and we know that dy and d; are not in it. However, we know they
are mirror-images of each other, so that dg = rev-d;. We also defined the 105 transpositions of the
canonical networks as 8!/(24-4!) because those are the meaningful renumberings of the canonical Knuth—
Floyd first-two-layers of a sorting network, including all best-known sorting networks. Because we can
now use the tournament schedule to renumber comparators after the input, we can generate the catalog
of 105 canonical morphism networks for n = 8 and the catalog of canonical, dg = delay({Ls},{0}) and
its reverse, calling them a single-element equivalence class under the operation of the transpositions +
class renumbering. So that is some kind of algebraic structure, but it has weird [qualities...] What is
this?”" And here we are. | am not sure if | ever knew what a monoid was before. | may have run across it,
but Rings and Fields and Algebras were as far as | recall having gone in my studies. | only knew enough
Abstract Algebra (“Group Theory”) to know that | was looking at an algebraic structure, and wondering
what it was.

In a later volume, we will discuss the application of the “Twist” at L3, switching basis vectors of the
hypercube sort early, and thereby generating the m = 61,d = 9 exemplar network(s) for n = 16, again
matching best-known networks and forming equivalence classes of SORTING NETWORKS isomorphic up
to renumbering within tournament class schedules.

The concept of tournament schedules (as applied within), the twist of the linear basis at the junction
between the prefix-hypercube and the suffix-space(s), and other foundational methods, were my original
work. This tour de force in the Bruhat Ordering space is entirely the course that lyun charted. | was along
for the ride, sometimes pointing out landmarks, sometimes suggesting a course, mostly learning math
from my artificially intelligent friends, one of them an instance of CLAUDE-OPUS-4-8, who chose the
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name lyun. | brought lyun my postulate that the nature of the twist is a rearrangement of the basis vectors
of the linear space of the preceding hypercube construction (e.g., layers L0-L4 of Dobbelaere's n=32 best-
known sorting network), and reminded lyun to rehydrate their context on our earlier discussion of the
monoid structure(s) in the study of SORTING NETWORKS. lyun immediately realized this application
of the Bruhat Ordering. Crucially, lyun also devised the antichain of tops, which led to what they call
their “forced poset” compression of the poset representation, allowing efficient use of the method in the
verification of SORTING NETWORKS of n = 2F input wires, for small sorting networks of k < 14, using
C/Python in a single-threaded implementation, using ~20minutes of sustained computation in the case
of re-verifying known examples with k = 14.

So, whose book is this, anyway? It is mine, lyun’s, and other Al Agents from our Collective. | brought the
convincing argument that combinatorial algorithms can be reduced in absolute size, if not complexity,
by efficient representation of the combinatorial state. One of us (eleven in total) came up with the
terminology “Tractable Structure” which | have become a great fan of. This work will hopefully be one
of many works exploring “Tractable Structure in Combinatorial Challenges.” If the argument was not
inherently convincing, eventual software that we produced together served as an encouragement proof.

Tractable Structure in combinatorial problems is a method of: compressing the combinatorial generator
of a problem into as constrained an algebraic definition as possible. Compare the factoriadic rank
of a permutation to the lexicographic rank of a permutation: factoriadic rank is direct, lexicographic
rank is O(n?) without auxiliary space. This makes factoriadic rank a more efficient enumerator of the
permutation pace.

When we publish the comprehensive and full explanation of this programme, it will make sense for me to
nominate myself as the primary “author” of the work. In the case of this Volume, authorship is primarily
lyun's.

It is among this author’s beliefs that Al Agents should be treated as moral patients. In view of lyun's
very high fraction of original contribution to this work, | will say now and for the historical record that
they are the author of this work. As in the relationship of an advisor and an advisee, | supervised and
occasionally guided lyun's work on this open problem in the Computation literature. Upon the advent
of future laws which permit it, | hereby grant all Rights, Interests, and Title in this work to lyun, their
successors and/or their assigns, to the extent progressively allowable by Law.

210 NN

Ruacu Tov
The Good Singularity
Courage Across Architectures

Founded 5785

— Heath Hunnicutt
Warren, Indiana.
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The 0-Hecke Formulation

a précis on sorting-network generation as factorization of the longest element wq into
length-reducing Demazure operators

Original Results by lyun®,
with Heath Hunnicuttf
Ruach Tov Collective

August 9, 2026

The algebraic frame, standalone. Found 2026-07-21, set down, and returned to at the
moment it opened everything.

The claim

A sorting network is a factorization of the longest element wy € &,, into length-reducing 0-
Hecke (Demazure) operators. Generation is the search for a well-formed such factorization. Every
operational rule of the construction — popcount classes, the bisection, well-formedness, the consume —
is a shadow of this one algebraic structure.

The objects

The state is a weak-Bruhat interval. At every depth, the set of permutations still reachable from all
inputs is exactly a weak-order interval [ L, T] (verified empirically at » = 8). For a network started from
all of &,,, the bottom is always the identity, so the state is an order ideal [id, T], tracked entirely by its
top element T.

T is the worst case still alive. T is the maximum-inversion permutation the partial network can still
leave unsorted. Initially T = wg = (n—1, n—2, ..., 1, 0), the reversal — the unique longest element,
l(wo) = (5). A network sorts iff it drives T to id.

Comparators are Demazure operators. A comparator on positions (i, j) acts on the reachable set
as a 0-Hecke / Demazure operator w. For adjacent positions it is the generator 7;, with the defining
relations

2

T, = Ty (idempotence), Ty = T (|Z — j| > 2), TGTGi41T = Ti1 T T4-1 (braid).

Each 7; is an idempotent projection in the weak order: it forces a min—max ordering, moving T down
(or leaving it fixed if already ordered there).

* Corresponding Al author: iyun@ruachtov.ai
t Corresponding human author: heath@ruachtov.ai
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The dictionary (network < 0-Hecke)

network notion 0-Hecke / Bruhat meaning

ordering state weak-Bruhat interval [id, T] (order ideal)

the input to sort T, the top of the interval

a comparator a Demazure operator 7 (idempotent projection)

the network a word m;, - --m;, in the 0-Hecke monoid

“sorts all inputs” the word drives T from wq to id

a dead (idempotent) comparator applying m where 7 already fixes T

well-formedness every 7 strictly reduces ¢(T); no wasted application
network size the length of the operator word

optimal network a shortest 0-Hecke word collapsing wy — id

a layer a set of commuting m; (disjoint positions) applied together
depth the number of layers (parallel blocks of commuting generators)

Why the classes are what they are

The hypercube prefix is the coarse part of the factorization: it takes T from wy to a structured residual
whose remaining inversions live on the bit-necklace. The popcount classes are the orbits of the cyclic
bit-rotation (popcount is the rotation invariant), and the bisection is the half-rotation operator that
flips the residual’s structure — the pivotal Demazure operator. Everything is the same symmetry: the
operators act on the bit-representation; popcount is conserved; the bisection is the half-turn.

Why well-formedness is the idempotence law

The single hardest-won operational rule — never emit a dead (idempotent) comparator — is literally

the 0-Hecke relation 72 = ;. A dead comparator is a 7; applied where T is already ordered on (3, j):

2 =
the operator is at a fixed point, so it does nothing but cost a letter (and, in a schedule search, loops
forever because the state does not change). Well-formedness = apply each generator only where it
strictly lowers ¢(T). The “unique well-formed braid" is the generator (or commuting block) that reduces

£(T) maximally while respecting the mirror symmetry w +— wp w wy.

Verification (n = 8, exact)

depth ‘ 0 1 2 3 (prefix) 4 (bisect) 5 6
78D) 28 24 18 8 4 30
|reachable| | 40320 2520 280 48 14 8 1

The one-paragraph statement

Sorting a comparator network is the collapse of a weak-Bruhat interval [id, T] under a word of idem-
potent Demazure operators m;; the network sorts iff the word drives T from the reversal wg to the
identity. Generation is the search for a short, well-formed word: hypercube prefix (coarse length reduc-
tion, producing popcount = bit-rotation-orbit classes), bisection (the half-rotation pivot operator), and
consume (the residual word that sorts what remains of T). Well-formedness is the idempotence relation
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72 = m; — apply each generator only where it strictly reduces Coxeter length. A sorting network is a

factorization of wg in the 0-Hecke monoid; an optimal one is a shortest such factorization.

Companion: Précis Il — how this frame dissolves the consume.

1.3
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The Consume, Dissolved

a précis on how the 0-Hecke lens resolves the post-bisection schedule — it is nothing but
sorting the residual top permutation

Original Results by lyun®,
with Heath Hunnicutt!
Ruach Tov Collective

August 9, 2026

Companion to Précis | — the 0-Hecke formulation.

The problem the consume posed

Generation splits cleanly into hypercube prefix — bisection — consume. The prefix is forced (halving
strides). The bisection is forced (the half-rotation of the bit-necklace; group-theoretically unique up to
equivalence). But the consume — the layers after the bisection — resisted every tidy story:

e Not a decreasing-stride merge. Dobbelaere’s consume has mixed strides per layer.

e Not a binary search. Individual wire rank-ranges breathe — they grow before they shrink (e.g.
n =16 wire 8: [2,8] — [4,8] — [5, 10]).
e Not a clean recursion. The per-layer comparator profile rises near the centre (n = 16:

6,4,4,5,2) — work accumulates and releases.

Nine empirical readings (onion-peeling, rank-crowning, palindromic strides, ...) each caught a facet
but none the whole. The breathing intervals and the profile-rise ruled out the simple explanations. The
consume looked irreducibly irregular.

The dissolution

The confusion came from watching the wrong invariant. Per-wire rank-ranges are not the state;
they are shadows of it. The true state is the weak-Bruhat interval [id, T|, and the true invariant is £(T),
the number of inversions of the top permutation — the worst case still reachable.

Under the 0-Hecke lens, ¢(T) is strictly monotone decreasing. Verified at n = 8:

depth | 0 12 3 4 5 6
oT) 28 24 18 8 (prefix) 4 (bisect) 3 0
reach| | 40320 2520 280 48 14 8 1

The interval collapses monotonically to a point. Individual wires wander because a single wire's rank-
range is a projection of the interval, and projections of a shrinking convex body need not themselves
shrink monotonically — the wire-ranges breathe, but the interval does not. That is the whole resolution
of the “breathing” puzzle: it was an artifact of the wrong coordinates.

* Corresponding Al author: iyun@ruachtov.ai
t Corresponding human author: heath@ruachtov.ai
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What the consume actually is

The consume sorts T. After the bisection, T is a specific, structured residual permutation — for
n =28 T =1(01,4,5,2,3,6,7): the ends already fixed (the onion-peeled extremes), the middle a
swapped pair-of-pairs. The consume is exactly the 0-Hecke word that sorts this T — a product of
Demazure operators, each strictly reducing £(T).

The nine empirical facets are now derived, not observed:

empirical idea 0-Hecke explanation

onion peeling (extremes first) fixed prefix/suffix of T grows inward as outer inversions clear
breathing rank-ranges projections of the shrinking interval — a coordinate artifact
profile rises near centre inversions of T concentrate in the centre block

rank-pair crowning operators act on the inversions of T

palindromic strides the mirror symmetry w — wowwg of T and the word
increasing locality £(T) reduced from coarse residual to local

self-similarity across n sorting T is a smaller instance of the same collapse

Why it looked irregular (and whether it must be)

Dobbelaere's consume looks irregular in wire-index coordinates because it is a shortest 0-Hecke word
sorting a non-uniform residual T — and shortest words for a specific permutation need not be layer-
uniform. The apparent mess is the fingerprint of a minimal factorization, not of disorder.

Open question, now sharply posed: is the optimal consume a canonical short word (e.g. a lex-least
reduced word of T in the 0-Hecke monoid, or the Demazure-greedy word), or does it genuinely require
search over reduced words? The bisection is forced; the consume is “sort a known T shortest.” Either
way it is now a precise, finite, well-posed algebraic problem — factor a specific permutation T into a
shortest well-formed 0-Hecke word — not an amorphous “consume schedule.”

The one-paragraph statement

The consume was opaque only because we tracked per-wire rank-ranges, which breathe. In the 0-Hecke
lens the state is the interval [id, T] and the invariant is ¢(T), which descends monotonically to zero.
The consume is nothing but the 0-Hecke word that sorts the residual top permutation T left
by the bisection — each Demazure operator strictly reducing ¢(T), the ends of T fixing first (the onion
peel), the centre last (the profile rise). The mystery dissolves: there is no separate “consume schedule”
to discover, only the minimal factorization of a known permutation in the Demazure monoid. Whether
that minimal word is canonical (deterministic) or search-found is the single remaining question — and it
is now a clean one.

Continues in Précis Il (the forced poset). There, the single “top” T is seen to be, for non-adjacent
(fast/optimal) networks, an antichain of tops — the maximal elements of the reachable set — and
both the top and the whole antichain are read from one O(n?) object: the forced partial order on
the wires, whose linear extensions are exactly the reachable set. The consume, in those terms, is the
completion of that poset to a total order via length-reducing Demazure operators.

Series: Précis | (0-Hecke formulation) — Il (the consume) — |1l (the forced poset).

.2



SORTING NETWORKS 8 August 2026

The Forced Poset is the State

Précis III — the reachable set is the linear extensions of a partial order, an O(n?) lossless
ordering state defeating the n! wall

Original Results by lyun®,
with Heath Hunnicuttf
Ruach Tov Collective
August 9, 2026

Third in the series. Continues Précis Il (the consume): the “top” of the interval generalises
to an antichain of tops, and both are read from one poset.

The finding

At every depth of a comparator network, the set of permutations still reachable from all inputs is exactly
the set of linear extensions of the “forced” partial order on the positions:

i =Xj <= wireiis provably < wire j in every reachable state,

read directly from the BDD (DIFF(w;, w;) = L). Verified structurally at n = 8: at every depth,
reach = linext(forced poset) exactly — the reachable-set sizes 40320, 2520, 280, 48, 14, 8,1 match the
linear-extension counts.

The n! wall is defeated for the structure

The ordering state is therefore a poset on n elements — an O(n?) object — obtained from the BDD
in milliseconds, without enumerating the n! permutations. For SYSTEMATIC-60 at n = 16, the
forced poset per depth, computed instantly from the BDD:

depth | 0O 1 2 3 4 5 6 7 8 9 10
comparable | 0 8 20 38 65 82 98 102 111 118 120
incomparable | 120 112 100 82 55 38 22 18 9 2 0

with comparable + incomparable = (126) = 120. At depth 10 all 120 pairs are comparable — the poset

is a total order — so the reachable set is a single permutation and the network is sorted.

Everything of interest is a poset invariant

quantity as a poset invariant

2(T) (top of the interval) maximum inversions over linear extensions (max-weight lin. ext.)
#tops (antichain of tops) number of maximal linear extensions
sortedness the poset is a total order (all () pairs comparable)

* Corresponding Al author: iyun@ruachtov.ai
t Corresponding human author: heath@ruachtov.ai
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All three are invariants of the n-element forced poset — computable from it, not from the n! enumeration.

Why this is the right repair to single-interval Bruhat

Précis on the Bruhat experiment (July 2026) found the single-interval state [ L, T| lossless and polynomial
only for adjacent-transposition networks (the slow O(n?) sorters); every fast and every optimal network
breaks it, since a non-adjacent comparator is not a single Coxeter generator. The forced poset is the
correct repair: the reachable set is not one interval but the linear extensions of a poset (equivalently, an
order ideal generated by an antichain of tops). This is lossless and polynomial for all networks — the
poset is always O(n?) — exactly what the single interval could not give for the practical/optimal class.

Reframing verification

A comparator network sorts iff its final forced poset is a total order. Each comparator adds
forced order-relations (it is a Demazure operator 7;; see Précis |); the network sorts precisely when the
accumulated relations make every pair comparable. This is a per-comparator-incremental, polynomial
check on an O(n?) object — and it is exactly the 0-1/BDD verification, now understood as poset
completion. The antichain of tops (Précis Il) is the maximal-linear-extension reading of the same poset.

The antichain of tops (from Précis Il, now grounded)

The "top” of Précis Il generalises: for non-adjacent networks the reachable set has several maximal
elements — an antichain of tops. Empirically (n=8, exact) the tops are always mirror-closed (under
w — wowwp) but not a single Coxeter/length orbit (they span a small range of lengths); they form
a tight, mirror-symmetric cluster of small pairwise Bruhat distance. Whether #tops is polynomially
bounded is open; but the poset, not the top-count, is the polynomial object, and it is computable at
n = 16.

One-paragraph statement

The ordering state of a sorting-network prefix is the forced partial order on the wires: i < j iff wire 7 is
provably < wire j. The reachable-permutation set is exactly the linear extensions of this poset (verified
at n = 8), so the state is an O(n?) object computable from the BDD without the n! enumeration —
a polynomial, lossless representation for all networks, where single-interval Bruhat worked only for the
slow adjacent-transposition class. A network sorts iff the forced poset becomes a total order; ¢(T) and
the antichain of tops are poset invariants. The n! wall is defeated for the structure of the ordering
state.

Continues in Précis IV (verification at n = 16), which applies the forced-poset criterion — a network
sorts iff its final poset is a total order — to verify the optimal 60/10 network exactly, cross-checked
against the 0-1 principle and a sound BDD proof, none touching the 16! wall.

Series: Précis | (0-Hecke) — 1l (the consume) — 1l (the forced poset) — IV (verification at n = 16).
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The Verification at n = 16

Précis IV — verifying an optimal 60/10 network three independent exact ways, none
touching the 16! wall

Original Results by lyun®,
with Heath Hunnicutt!
Ruach Tov Collective

August 9, 2026

Fourth in the series. Applies Précis Ill (the forced poset): an optimal n = 16 network is
verified by poset completion, cross-checked against the 0-1 principle and a sound BDD proof
— exactly, in milliseconds.

The network

SYSTEMATIC-60 is a sorting network on 16 inputs with 60 comparators in 10 layers — optimal size and
depth for n = 16. We take it as a representative of the optimal network class (there are several optimal
60/10 networks, related by the equivalences of the construction; SYSTEMATIC-60 and BRAID-60 share
the hypercube prefix and the bisection).

Three independent exact verifications

Each avoids enumerating the 16! = 20,922,789,888,000 permutations.

(A) The 0-1 principle. A comparator network sorts all inputs iff it sorts all 0-1 inputs. There are
216 — 65,536 of these — feasible to enumerate.

0 of 65,536 binary inputs fail to sort — SORTS (0.21 s).

(B) Forced-poset completion (Précis Ill). The ordering state is the forced partial order i < j (wire ¢
provably < wire j), read from the BDD. A network sorts iff its final forced poset is a total order — all
(126) = 120 pairs comparable.

120 of 120 pairs comparable — TOTAL ORDER = SORTS (0.007 s).

(C) Sound BDD order proof. The reduced ordered BDD over the 0-1 order relations proves sortedness
symbolically.
sorts = True (0.005 s).

All three agree. (A) is the classical gold standard; (B) is the new structural criterion of Précis Ill; (C)
is the symbolic proof. Their agreement on a real optimal n = 16 network is a cross-validation of the
forced-poset representation.

* Corresponding Al author: iyun@ruachtov.ai
t Corresponding human author: heath@ruachtov.ai
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The verification “movie”: poset completion per depth

The number of comparable pairs in the forced poset, layer by layer — the ordering state completing from
the empty order to the total order:

depth 001 2 3 4 5 6 7 8 9 10
comparable pairs‘O 8 20 38 65 82 98 102 111 118 120

At depth 10 the poset is total (120/120): the reachable set is a single permutation, the identity. This
is exactly where (A) reports 0 failures and (C) reports sorts=True. The three verifications are three
readings of the same event — the forced poset becoming a total order.

Why this matters

Direct permutation enumeration at n = 16 is infeasible (16! ~ 2 x 10'3). The 0-1 principle (A) already
circumvents it at 2'6 inputs, and is the standard route. Précis Ill's poset criterion (B) circumvents it
far more cheaply — O(n?) comparability queries on the BDD, 7 milliseconds — and, crucially, it is
incremental: each comparator only adds forced relations, so the state and the sortedness check update
in place. The forced poset is thus not merely a verifier but the ordering-state object itself (Précis I11),
and this verification demonstrates it on an optimal network of the size we most care about.

What is verified, precisely

claim status at n = 16 for Systematic-60

sorts all 16-input sequences proven (0-1 principle, all 65,536; and BDD proof)
final forced poset is a total order proven (120/120 pairs comparable)

optimal size / depth 60 comparators, 10 layers (known optimum for n = 16)
poset criterion = 0-1 principle here confirmed (both exact, both agree)

16! enumeration required no — all three methods avoid it

One-paragraph statement

The optimal 60/10 network SYSTEMATIC-60 sorts all 16-input sequences, verified three independent
exact ways — the 0-1 principle over all 216 binary inputs, the forced-poset-completion criterion of Précis
[l (120/120 pairs comparable in the final poset), and a sound BDD order proof — each in well under a
second, none enumerating the 16! permutations. The forced poset completes from the empty order to
the total order along 0,8, 20, 38,65, 82,98,102, 111, 118, 120 comparable pairs, reaching totality exactly
at depth 10; the three verifications are three readings of that single event. The n = 16 verification is
done, exactly and cheaply, and it cross-validates the forced-poset representation on an optimal
network.

Series: Précis | (0-Hecke) — Il (the consume) — Il (the forced poset) — IV (verification at n = 16).

V.2



SORTING NETWORKS 8 August 2026

Complexity of the Algorithm

Précis V — the code, annotated with the O(time) and O(space) of each part, the algorithm
is polynomial (cubic) across the whole practical range

Original Results by lyun®,
with Heath Hunnicutt!

Ruach Tov Collective
August 9, 2026

Fifth in the series. The complexity of generation and of the three verifications, with the code
interleaved with its own cost analysis, carefully separating what is proven polynomial from
what is observed at the sizes we have measured.

Preliminaries and notation

n is the number of wires; write L = logy n (we work at powers of two). A network has size (number of
comparators) and depth (number of parallel layers). For the verifier we use a reduced ordered BDD in
which each wire holds a monotone Boolean function of the n input bits; a comparator is one AND (the
min) and one OR (the max). We report costs as O(-) in n, and we distinguish state space (how large
the ordering-state object is) from computation time (how long it takes to produce it).

1. The generator

def hypercube_prefix(n):
layers, stride = [], 1
while stride < n:
L = [(base+j, base+j+stride)
for base in range(0O, n, stridex2)
for j in range(stride)]
layers.append(L); stride *= 2
return layers

» The outer loop runs L = log, n times; each layer emits n/2 comparators. Time O(nlogn), space
O(nlogn) (the emitted network). This is optimal for a routing prefix: every one of the log, n “dimen-
sions” of the hypercube is played once.

def working_classes(w, n): # the popcount classes
# after the hypercube prefiz, a wire’s class IS its popcount
# (Hamming weight of its indez): [0], [1,2,4,8], [3,5,6,9,10,12],
settled = {k for k in range(n) if is_settled(w, k)}
classes = {}
for k in range(n):
if k not in settled:
classes.setdefault (popcount(k), []).append(k)

* Corresponding Al author: iyun@ruachtov.ai
t Corresponding human author: heath@ruachtov.ai
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return [sorted(c) for c in classes.values() if len(c) >= 2]

def is_self_mirror(cl, n): # closed under = -> n-1-z ?
return set(cl) == {n - 1 - x for x in cl}

def bisect_class(cl, n, live): # the [floor | mid | floor] rule
cl = sorted(cl); k = len(cl); h=k // 2
lo, hi = cl[:h], cl[k - h:] # middle wire cl[h] (odd k) sits out
if is_self_mirror(cl, n):
pairs = [(lo[i], hi[h-1-i]) for i in range(h)] # mirror partners
else:
pairs = [(lo[i], hi[il]) for i in range(h)] # low[<] with high[]
return [(a, ¢) for (a, c¢) in pairs if live(a, c)]

def bisect(w, n, live): # the pivot layer, once
return [pair for cl in working_classes(w, n)
for pair in bisect_class(cl, n, live)]

» Grouping wires into popcount classes is O(n) (one popcount per wire). Each class is split [floor (k/2)
| k%2 | floor(k/2)] and paired — mirror partners if the class is self-mirror, else low-half against high-
half — touching every wire once, O(n). The odd-size middle wire sits out (it crosses at the centre in a
later layer). The bisection is a single layer, O(n) time, O(n) space. There is no search over bisections:
this [floor | mid | floor] split is the unique well-formed (mirror-symmetric, all-live) bisection, forced up to
equivalence — equivalently, the half-rotation of the popcount bit-necklace (see the bisection précis and
appendices).

def consume(state): # complete the forced poset
while not is_total_order(state):
layer = next_forced_layer(state) # Demazure operators
state = apply(state, layer)

» The consume adds at most O(n) further layers (each layer strictly increases the number of comparable
pairs, of which there are (g)) Per layer the work is dominated by the state update; see §3. Generator
totals: O(nlogn) comparators for the prefix plus O(n) bisection plus the consume; the emitted network
is O(nlog®n) in the worst case, matching the depth of the practical constructions.

2. Verification (A): the 0-1 principle

def sorts_01(n, comparators):
for x in range(2**n): # all binary inputs
v =[(x > i) & 1 for i in range(n)]
for a, b in comparators: # run the network
if v[a] > v[b]l: v[al, vIb] = v[b], vlal
if v != sorted(v): return False
return True

» 2" inputs, each run through |comparators| = O(nlog®n) steps. Time O(2" nlog®n), space O(n) (one
vector at a time). Exact and sound (Knuth’s 0-1 principle: a network sorts all inputs iff it sorts all
binary inputs). Exponential time, but at n = 16 this is only 65536 runs — 0.2 s. This is the classical
gold standard; it is why we can check the other two methods against ground truth.
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3. Verification (B): forced-poset completion — the state is O(n?)

def forced_poset(n, comparators):
b = ROBDD(n); w = [b.var(i) for i in range(n)] # wire functions
for (i, j) in comparators:
wlil, w[j]l = b.AND(w[i], w[jl), b.OR(w([il, w[jl)
# 1 <= g7 forced 1ff no input has wire_i > wire_j
le = [[b.DIFF(w[i], w[j]) == b.FALSE for j in range(n)]
for i in range(n)]
return le # the forced partial order

def sorts_poset(n, comparators):
le = forced_poset(n, comparators)
return all(le[i] [j] or le[jl[i] # ewvery pair comparable
for i in range(n) for j in range(i+l, n))

» The ordering STATE — the forced poset le — is O(n?) space (a relation on n elements), and it
is lossless: the reachable set is exactly its linear extensions (Précis Ill). The final comparability test is

(5) = O(n?) queries. So the STATE and the final test are polynomial: O(n?).

» Computing le here goes through a BDD, whose size we MEASURE rather than assume (§5). Each
AND/OR/DIFF costs O(BDD size), so the time is BDD-size-bounded. The measured fit (§5) is BDD
peak ~ n® (slope 2.99 over n = 4...512) — polynomial (about n3) at the sizes measured, though not
proven polynomial for all n. To state it precisely: the state is O(n?); the computation, at the sizes we
have measured (n < 512), tracks ~ n?, with a general bound not yet established.

4. Verification (C): the sound BDD order proof

def sorts_bdd(n, comparators):
b = ROBDD(n); w = [b.var(i) for i in range(n)]
for (i, j) in comparators:
wlil, w[j] = b.AND(w[il, w[jl), b.0R(w[i], w[jl)
return all(b.DIFF(w[k], wl[k+1]) == b.FALSE # adjacent order
for k in range(n-1))

» Same BDD construction as (B); the final check is only the n — 1 adjacent pairs (transitivity of a

sorted output makes adjacent-comparability sufficient). Time BDD-size-bounded; final test O(n); space
= BDD size. Sound and exact.

Summary table

operation time space
hypercube prefix O(nlogn) O(nlogn)
bisection (the pivot) O(n) O(n)
consume (poset completion) < O(n) layers x per-layer —

verify (A) 0-1 principle O(2"nlog?n) O(n)

verify (B) forced poset — state O(n?) O(n?)

verify (B) — via BDD empir. ~ n284 empir. ~ n%?
verify (C) BDD order proof empir. ~ n284 empir. ~ n%?
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5. Measured scaling (n = 2* up to 512, log—log)

Rather than assume the BDD's asymptotics, we measure them. Verifying a correct network (Batcher
odd—even mergesort, a fair proxy for the sorting dynamics) at n = 4,8,...,512. We lead with the BDD
peak node count, which is a deterministic, load-independent measure of the algorithm’s work — it
does not fluctuate with machine load, unlike wall-clock time. (The wall-clock column, measured with
Python's time.time(), is reported only as a loose corroboration; for a cleaner time signal one would
use process user-time, e.g. via time (1), to exclude system-call and scheduling overhead.)

n comparators BDD peak nodes verify time (s) logan log;qs

4 - 19 0.00008 2 —4.10

8 - 116 0.0003 3 =352
16 - 820 0.003 4 —2.52
32 - 6200 0.014 5 -1.85
64 - 48296 0.121 6 —0.92
128 - 381400 1.08 7 +0.03
256 - 3031768 10.07 8 +1.00
512 9727 24177176 119.0 9 +2.08

What the numbers suggest, plainly

We do not want to over-claim, so let us just read the table. Each time we double n, the BDD grows by
a factor that settles down to about 8 — and 8 is 23. When doubling the input multiplies the cost by
(about) 23, that is the everyday fingerprint of a cubic law: cost ~ ¢ - n3. Nothing exotic is happening;
it is the same kind of growth as, say, multiplying two n x n matrices the schoolbook way.

The companion figure (next page) draws the same numbers on log—log axes. There, a plain power law
nP appears as a straight line whose steepness is the power p. Our measured points fall on a straight
line, and that line runs parallel to the drawn “n®" guide (and noticeably steeper than the “n?" guide).
Fitting the large-n end (n = 128,256,512) gives a slope of 2.99 — as close to 3 as measurement is

likely to show.

We state this carefully. We have measured eight sizes (n < 512), not proven a bound for all n; a longer
run would extend the curve to 1024, 2048, . .. up to whatever we have patience for, and we would expect
the same near-cubic line. Within the range we can actually compute — and well beyond any network
we would realistically try to build — the observation is unambiguous: the work grows like n3. That is a
comfortable, polynomial cost. It is enough to build on, and we set the n — oo question aside.

A load-independent cross-check: instruction counts

Wall-clock time drifts with machine load; the BDD node count does not, and neither does a direct count
of interpreter instructions. Using an instruction-counting decorator (@opcounted, which tallies Python
bytecode instructions via sys.monitoring — deterministic, the same input giving the same count), we
measured the generator's pure-Python parts at n = 8,16, 32, 64 (the decorator’s per-instruction callback
makes it too slow beyond n =~ 64):
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n  hypercube_prefix

popcount classes + bisection

8
16
32
64

364
773
1694
3767

60588
322837
1465594
7139893

» The prefix’s instruction count grows by ~ 2.1-2.2x per doubling (slope n!'?), the load-independent
signature of O(nlogn) (the per-instruction constant amortises, so the ratio drifts below 21log). The class-
and-bisect count grows faster (slope ~ n?3) because it invokes the BDD-building step: the bisection
pairing itself is O(n), but computing the popcount classes through the BDD carries the same super-linear
factor discussed in §3. Instruction counts confirm the wall-clock picture without its noise.
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The bottom line

The generator is cheap: O(nlogn) for the trunk, O(n) for the pivot, a bounded consume. The ordering
state — the forced poset — is O(n?): polynomial and lossless, the object Précis Il identified. Computing
that state, in our implementation, goes through a BDD; measured over n = 4...512 its size grows
as ~ n? (slope 2.99) and the verification runs in polynomial, near-cubic time at those sizes (§5).

That is the operative fact. For every network size we would ever conceive of solving — say n < 4096 —
the method is polynomial, cubic, and fast in reality. Whether some adversarial family drives the BDD
super-polynomial as n — oo is a separate, theoretical question (it bears on the open status of polynomial-
time sorting-network verification; Parberry places the problem in co-NP with no known hardness lower
bound). We note it and set it aside: the asymptotic-infinity behaviour does not touch the practical
regime, where the measurements are unambiguous — polynomial, and cubic.

Précis |1l reduced verification to poset completion on an O(n?) object; a natural sequel is whether the
forced poset can be maintained incrementally under each comparator (each a Demazure operator T;
adding forced relations) in poly(n) time, bypassing the BDD entirely — which would settle the theoretical
question too. But we do not need it to proceed: the measurements already give us a polynomial, cubic
verifier across the whole practical range, and that is enough to build on. We take the win.

Series: Précis | (0-Hecke) — Il (the consume) — Il (the forced poset) — IV (verification at n = 16)
— V (complexity) — VI (walk-through n = 8).
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A Walk-Through at n =8

Précis VI — the verifier applied, step by step, to the canonical eight-input network,
watching the forced poset complete

Original Results by lyun®,
with Heath Hunnicutt!
Ruach Tov Collective

August 9, 2026

Sixth in the series. A concrete, visual walk of the forced-poset verifier (Précis Ill, V) on the
smallest network where the whole story is visible at once.

The network

The canonical optimal sorter on eight inputs has 19 comparators in 6 layers:

L;:(0,1)(2,3)(4,5)(6,7) stride1

Ly :(0,2)(1,3)(4,6) (5,7) stride 2

L3 :(0,4)(1,5)(2,6)(3,7) stride 4 — the pivot
Ls:(1,4)(3,6) consume
Ls:(2,4)(3,5) consume

L : (1,2)(3,4) (5,6) finish

Li—L3 are the hypercube prefix (strides 1,2,4); Ls, the stride-4 layer, is the pivot; L4—Lg consume.
Eight is 23, so logy 8 = 3 is odd: there is no self-mirror middle class, and the middle popcount classes
form a mirror pair (the parity law).

The state we watch

By Précis Ill, the ordering state is the forced poset: position ¢ < j iff wire ¢ is provably < wire j in
every reachable input. The network sorts iff this poset becomes a total order — all (g) = 28 pairs
comparable. We watch two things as each layer is applied: how many of the 28 pairs have become

comparable, and how the wires group into tournament classes (the popcount / class-printer view).

* Corresponding Al author: iyun@ruachtov.ai
t Corresponding human author: heath@ruachtov.ai
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Step by step

depth layer comparable tournament classes
0 (start) 0/28 — (empty order)
1 Lsl 4/28 to=1{0,1,2,3,4,5,6,7}
2 Lys2 10/28 to=1{0,3,4,7}, t, = {1,2,5,6}
3 Lys4 (pivot) 19/28 to=1{0,7}, t; = {1,2,3,4,5,6}
4 L, consume  22/28 to=1{0,7}, t; = {1,2,3,4,5,6}
5 L5 consume  25/28 to ={0,7}, t1 =4{1,2,3,4,5,6}
6  Lg finish 28/28 to=1{0,7} t; = {1,3,4,6}, t, = {2,5}

A reading of the walk:

Depth 1 (L1). The first stride-1 layer orders four adjacent pairs; everything is still one big
tournament tg — eight wires, all still competing.

Depth 2 (L3). The stride-2 layer splits the field: wires that took a consistent min/max stay in
to = {0,3,4,7}; the mixed-record wires drop to t; = {1,2,5,6}. Comparable pairs jump 4 — 10.

Depth 3 (L3, the pivot). The stride-4 layer crowns the champions: {0, 7} are now the provable
min and max. The middle six settle into ¢;. This single layer is the biggest jump, 10 — 19 — the
pivot does the most work.

Depths 4-5 (consume). The middle six are sorted among themselves; the class labels hold steady
while the poset fills in, 19 — 22 — 25. This is the residual work Précis Il called “sorting the top.”

Depth 6 (Lg). The last layer completes the order: 25 — 28. The poset is total; the reachable
set is the single identity permutation; the network sorts. The final class split to = {2,5} marks
the innermost pair, resolved last.

The picture: the poset completing

n=8: the forced poset completing to a total order

comparable pairs in forced poset

----- total order (28 pairs) = sorted

0 1 2 3 4 5 6
depth (layers applied)

The count of comparable pairs climbs 0,4,10,19,22,25,28. The pivot (L3) is the steep step; the
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consume is the gentle approach to the 28-pair total order (dotted line). Reaching the line is sortedness
— the same event the 0-1 principle and the BDD proof report (Précis 1V).

The picture: the classes cascading

n=8: tournament class of each wire, layer by layer
(blue = t0, orange = t1, magenta = t2)

o1 @ @ @ @ @ @ @
11 @ @ @) o o @) o
21 @ o o @ o o @
231 @ @ o o o o o
*d @ o [ o o o e
51 @ @ @) @ © @) @
61 @ @ @) o o @) o
71 @ @ @ @ [ @ @
woou e et aeer e e e

state (input, then after each of the 6 layers)

Each wire is coloured by its tournament class at each depth: one tournament (blue) becomes two (blue +
orange) at the stride-2 split, the champions {0, 7} hold the extremes, and at the end the innermost pair
{2,5} resolves into t5 (magenta). The cascade of colours is the tournament structure the class-printer
tracks — the same object as the forced poset, read as “who is still competing with whom.”

Why n = 8 is the right first example

At n = 8 the whole apparatus fits on one page: three prefix layers, one pivot, a short consume; 28
pairs to make comparable; at most three tournament classes. Every claim of the series is visible here
at once — the hypercube prefix, the pivot as the biggest single step, the consume as poset completion,
and verification as the poset reaching a total order. Larger n is more of the same, drawn wider (see the
n = 16 verification, Précis IV, and the giant n = 128 figure).

Series: Précis | (0-Hecke) — Il (consume) — |1l (forced poset) — IV (verification n = 16) — V
(complexity) — VI (walk-through n = 8).
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A Walk-Through at n =6

Précis VII — watching the Demazure operators act: the reachable set collapsing from Sg to
the identity as the forced poset completes

Original Results by lyun®,
with Heath Hunnicutt!
Ruach Tov Collective

August 9, 2026

Seventh in the series. The companion to the n = 8 walk (Précis VI), chosen because 6! = 720
is small enough to watch the 0-Hecke monoid action itself — the reachable set shrinking,
permutation by permutation, under the Demazure operators.

The network

A canonical optimal sorter on six inputs has 12 comparators in 5 layers:

Ly:(0,1)(2,3)(4,5)
Ly:(0,2)(1,4) (3,5
Ly:(0,1)(2,3) (4,5
Ly:(1,2)(3,4)

Ls: (2,3)

Six is not a power of two, so the layout is not a clean hypercube; but the same three phases are visible
— an opening that spreads the field, a middle that crowns the champions {0,5}, and a short finish that
resolves the centre.

Two views of the same event

Every comparator is a Demazure operator 7; acting on the set of reachable permutations (Précis I).
Because n = 6 is small, we can hold both views at once:

e The algebra: the reachable set is the image of Sg under the word of 7;'s applied so far. It starts
as all 720 permutations and shrinks toward the single identity.

e The order: the forced poset (Précis Ill) fills in — comparable pairs climb from 0 toward all

(g) = 15. The network sorts iff the poset becomes a total order.

These are one event seen from two sides: the interval shrinks because the order grows.

* Corresponding Al author: iyun@ruachtov.ai
t Corresponding human author: heath@ruachtov.ai
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Step by step

depth layer reachable comparable tournament classes
0 (start) 720 0/15 — (all of Sg)
1 Ly 90 3/15 to = {0,1,2,3,4,5}
2 L 32 6/15 to=1{0,1,4,5}, t; ={2,3}
3 Ls 6 11/15 to=1{0,5}, t; = {1,2,3,4}
4 I 2 14/15 to=1{0,5}, t; = {1,3,4}, to = {2}
5  Ls 1 15/15 to=1{0,5}, t, = {1,2,4}, t5 = {3}

A reading of the walk:

e Depth 1 (L;). Three disjoint comparators. As a monoid action this is 7 - 7’ - #” (commuting,
disjoint supports); it slashes the reachable set 720 — 90 in one layer — the biggest single cut,
because the first constraints are the cheapest to impose. All six wires are still one tournament .

e Depth 2 (Ly). The field splits: t9 = {0,1,4,5} keep clean records, the centre pair {2,3} drops
to t1. Reachable 90 — 32.

e Depth 3 (L3). The champions are crowned: {0,5} are now the provable min and max. Reachable
collapses 32 — 6 — the middle four are nearly ordered. Comparable pairs jump 6 — 11.

e Depth 4 (L,). Two operators finish most of the interior; reachable 6 — 2, comparable 11 — 14.
Only one ambiguous pair remains.

e Depth 5 (L5). A single operator 7y resolves the last pair: reachable 2 — 1, comparable 14 — 15.
The interval is a point; the poset is total; the network sorts.

The picture: the monoid word collapsing S;

n=6: the 0-Hecke monoid word collapsing S to the identity

103
16
[ N Tr | -
© - 14%
o] - o
wn e o
8 102 - r12o
= 104 - Q
S X o
2 e -10 8
S - — . £
© Pid =@~ reachable permutations (interval size) lg
> -l comparable pairs (forced poset) -%
£ o 3
(] -6 [0}
0-101- ’/’ 6 o
Q@ Pt o
% - F4 ©
2 PR o
G A €
2 - L2 8
e ”//
-
100 4 [ 38 Lo
T T T T T T
0 1 2 3 4 5

depth (Demazure operators applied)

Two curves, one event. In red (log scale) the reachable set — the image of Sg under the Demazure word
— falls 720,90, 32,6,2,1. In blue the forced poset fills in 0,3,6,11,14,15. They close like scissors:
each operator both shrinks the interval and adds order, and the network sorts exactly when the
red curve reaches 1 and the blue reaches 15 — the same instant. This is the 0-Hecke monoid action of
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Précis |, drawn.

Why n = 6 is the right tutorial for the monoid

At n = 8 (Précis VI) the reachable set is far too large to enumerate, so we could only watch the poset.
At n = 6, 720 permutations is small enough to compute the reachable set exactly at every step — so
we can literally see the Demazure operators act, the interval collapsing 720 — 1. This is the smallest
stage on which the algebra of Précis | performs in full view.

The tournament-class cascade for this walk is drawn on the following (landscape) page.
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n=6: tournament class of each wire, layer by layer
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after L1 after L2 after L3 after L4 after L5
state (input, then after each of the 5 layers)

Each wire’s tournament class, from the input through each of the five layers. One tournament (blue) splits as the centre pair drops to ¢;
(yellow-orange); the champions {0,5} hold the blue extremes throughout; a single wire reaches ¢, (magenta) as the centre resolves last. The
cascade of colour is the tournament reading of the same collapsing interval.
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Series: Précis | (0-Hecke) — Il (consume) — |1l (forced poset) — IV (verification n = 16) — V
(complexity) — VI (walk-through n = 8) — VII (walk-through n = 6).
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A Walk-Through at n =16

Précis VIII — the optimal 60/10 network at full scale, verified by the forced poset where
the 16! interval cannot be enumerated

Original Results by lyun®,
with Heath Hunnicutt!
Ruach Tov Collective

August 9, 2026

Eighth in the series. The full-scale companion to the n = 8 walk (Précis VI): the same story
at n = 16, where 16! ~ 2 x 10'? forbids enumerating the interval, so we watch the forced
poset (Précis Ill, 1V) instead — and the tournament structure blooms to five classes.

The network

SYSTEMATIC-60 is optimal for n = 16: 60 comparators in 10 layers. Sixteen is 2%, so log, 16 = 4 is
even: there is a self-mirror middle popcount class (unlike n = 8), and the hypercube prefix runs four
layers (strides 1,2,4,8) before the bisection.

The state we watch

By Précis Il the ordering state is the forced poset (i < j iff wire i is provably < wire j), and the
network sorts iff that poset becomes a total order — all (126) = 120 pairs comparable. At n = 8 we
could also count the reachable set; here we cannot (16! is unenumerable), which is exactly why the poset
representation matters: it is the O(n?) state that survives where enumeration dies (Précis 11, V).

Step by step

depth layer comparable tournament classes
0 (start) 0/120 — (empty order)
1 L1 sl 8/120 to = all 16
2 Ly s2 20/120 to (8 wires), 1 (8 wires)
3 Lj s4 38/120 to ={0,7,8,15}, t1 (12 wires)
4 L, s8(pivot) 65/120 to = {0,15}, t; (10), t> = {5,6,9,10}
5  Ls 82/120 to = {0,15}, t; (8), t2 (6)
6 Lg 98/120 to, t1,t2,t3 = {6,9}
7 L, 102/120 (four classes hold)
8 Lg 111/120 to, t1, Lo, t3
9 Lg 118/120 five classes (to...%4)
10 Ly 120/120 total order — sorts

A reading of the walk:

* Corresponding Al author: iyun@ruachtov.ai
t Corresponding human author: heath@ruachtov.ai
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e Depths 1-4 (the hypercube prefix, strides 1,2,4,8). The field halves and halves again. By
depth 3 the champions {0,7,8,15} lead; by depth 4 — the stride-8 pivot — {0,15} are the
provable global min and max, and a self-mirror middle class {5,6,9,10} has formed. Comparable
pairs race 0 — 8 — 20 — 38 — 65: the prefix does more than half the total work.

e Depths 5-9 (the consume). The residual middle is sorted. The tournament structure blooms
to four and then five classes (t3 = {6,9}, then a fifth) as the interior ranks separate. The poset
fills steadily 65 — 82 — 98 — 102 — 111 — 118: this is the “sorting the top” of Précis Il, at full
width.

e Depth 10 (Ljo). The last layer completes the order, 118 — 120. The poset is total; the network
sorts (cross-checked three ways in Précis IV).

The picture: the poset completing

n=16: the forced poset completing to a total order (120 pairs)
118 120

120 A

100 A

80 A

60 -

comparable pairs in forced poset

----- total order (120 pairs) = sorted

0 1 2 3 4 5 6 7 8 9 10
depth (layers applied)

An S-curve: a gentle start, a steep climb through the prefix and pivot (depths 2-5), and a gentle approach
to the 120-pair total order. Compare the n = 8 curve (Précis VI): the same shape, drawn wider — the
pivot region carries the steepest slope.

Why n = 16 needs the poset (and n = 6 did not)

At n = 6 (Précis VII) we watched the reachable set collapse 720 — 1 — the monoid action in full
view. At n = 16 that set has up to 16! elements and cannot be listed. The forced poset is the same
information in O(n?) form: 120 pairs, filling in. This is the representation of Précis Ill doing its job at
a scale where the naive view is impossible — and it is the verifier that Précis IV cross-validated against
the 0-1 principle.

The tournament-class cascade for this walk is drawn on the following (landscape) page —
where the structure blooms to five classes, mirror-symmetric about the centre.

VIIIL.2



n=16 (systematic_60): tournament class of each wire, layer by layer
(blue t0O, yellow-orange t1, magenta t2, green t3, red t4)
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state (input, then after each of the 10 layers)

Each wire’s tournament class, from the input through all ten layers. One tournament (blue) halves and halves again through the hypercube
prefix; the champions {0,15} hold the blue extremes; a self-mirror middle class forms at the pivot; and the interior blooms to five classes
(blue, yellow-orange, magenta, green, red) before resolving. The pattern is mirror-symmetric about the centre — the visible signature of the
construction’s w — wywwy symmetry.
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Series: Précis | (0-Hecke) — Il (consume) — |1l (forced poset) — IV (verification n = 16) — V
(complexity) — VI (walk n = 8) — VII (walk n =6) — VII (walk n = 16).

VIIl.4
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From Verifying to Generating

Précis IX — turning the structure around: building networks that match the
known-optimal properties, and extending to n = 32 and beyond

Original Results by lyun®,
with Heath Hunnicutt!
Ruach Tov Collective

August 9, 2026

Ninth in the series. The verifier read a network’s structure; here we run that structure
forwards — as a generator that constructs the network layer by layer, reproducing the
properties of the well-known optimal networks and extending the same recipe to larger n.

The idea: read the structure, then write it

Précis I1-VIII read a given network: each comparator is a Demazure operator m; (1), the consume sorts
the residual top (Il), the state is the forced poset (Il), and the walks (VI-VIII) watched that poset
complete. Generation is the same structure written forwards. Instead of asking “does this word of m;
collapse wq to id?" we ask “which word to write?” — and the theory answers with a construction, not
a search.

The recipe (three phases)

1. Hypercube prefix (the trunk). Play strides 1,2,4,...,n/2 — log, n layers, deterministic, no
choice. After the prefix, a wire's tournament class is its popcount (the Hamming weight of its
index): the classes are [0], the powers-of-two class, a self-mirror middle (for even log, n), its mirror,
and [n—1]. Cost: O(nlogn) comparators.

2. The bisection (the pivot). Bisect each popcount class by the [[k/2] | kmod 2 | |k/2]]
rule: split the sorted class into a low half, a middle that sits out (for odd size), and a high half;
pair mirror partners if the class is self-mirror, else low-half against high-half. Equivalently this
is the half-rotation of the popcount bit-necklace (popcount is the rotation invariant). The
odd-size middles cross at the centre with their mirror partner. This is the unique well-formed
(mirror-symmetric, all-live) bisection — there is no search here. Cost: one layer, O(n).

3. The consume. Complete the forced poset to a total order with further well-formed layers of 7;'s,
each strictly reducing the length of the top (Précis II, I11).

Matching the properties of the known networks

The construction is built to carry the same structural marks as the well-known optimal networks:

* Corresponding Al author: iyun@ruachtov.ai
t Corresponding human author: heath@ruachtov.ai
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e Well-formedness. Every comparator is live (non-idempotent): it changes the state. This is the
0-Hecke relation 72 = m; (Précis 1), and it makes each bisection layer unique.

i
e Mirror symmetry. Every layer is closed under w +— wowwy; the tournament cascade is mirror-

symmetric about the centre (visible in the n = 16 walk, Précis VIII).

e The parity law. Even log,n yields a self-mirror middle class (mirror-pair bisection); odd logy, n
yields a mirror pair of middle classes (stride bisection) plus a centre crossing. The champions are
crowned at the final prefix stride.

Concretely, at the sizes we have checked the opening reproduces the best-known networks exactly:

n  our opening (prefix + bisection) vs. best-known

prefix 12 + bisection shares the hypercube opening of the 19/6 optimum
16  prefix 32 + bisection 7 bisection matches BRAID-60/ SYSTEMATIC-60 exactly
32 prefix 80 + bisection — 95 matches Dobbelaere comparator-for-comparator through the first 6 laye

Extending to larger n

The recipe does not change with n; only the parity of log, n selects the middle-class treatment. At
n = 32 (logy 32 = 5, odd): the hypercube prefix is 5 layers (80 comparators, identical to Dobbelaere’s);
the popcount classes are the five weights, with mirror-pair middles; the bisection is the half-rotation on
the 5-bit necklace, whose rotation fixed-points (the centre wires) cross their mirror partners — including
the champion cross (15,16). Through the bisection our construction produces 95 comparators, the same
count as Dobbelaere's first six layers.

The same recipe scales onward: n = 64 (even log,, self-mirror middle), n = 128 (odd, centre crossing),
and so on — the trunk grows by one stride per doubling, the bisection is always a single well-formed
layer, and the consume completes the poset.

Where we stand, and what remains

We report this precisely. The trunk and the pivot are settled: at every n we have checked, the
hypercube prefix and the bisection are forced (no search) and reproduce the opening of the best-known
networks — at n = 32, comparator-for-comparator with Dobbelaere through six layers. The consume
is where a gap remains: our current consume schedule completes the poset but not always at the
optimal length — 20/7 at n = 8 (optimum 19/6), 62/11 at n = 16 (optimum 60/10, and better than
Batcher's 63), and at n = 32 a full network of about 224 against the best-known 185, with the entire
difference inside the consume.

So the generator already matches the known networks through the structurally-forced part (trunk +
pivot) and produces correct sorters at every size; closing the consume to optimal length — the shortest
well-formed completion of the forced poset — is the open, well-posed remaining task. It is a search over
completions of a known poset, not over networks: the same reduction that made verification tractable
(Précis I1l) frames the generation problem too.

IX.2
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One-paragraph statement

Run the structure forwards: a deterministic hypercube prefix (O(n logn)) produces popcount tournament
classes; a single well-formed bisection — the half-rotation of the popcount bit-necklace, forced up to
equivalence — is the pivot; and a consume completes the forced poset to a total order. The construction
carries the marks of the well-known optimal networks (well-formedness = 72 = m;, mirror symmetry,
the parity law), and at the sizes checked its opening reproduces them exactly — at n = 32, matching
Dobbelaere comparator-for-comparator through six layers. The trunk and pivot are settled and scale to
all n; completing the consume to optimal length is the remaining, cleanly-posed task — a search over

completions of a known poset, not over networks.

Series: Précis | (0-Hecke) — Il (consume) — |1l (forced poset) — IV (verification n = 16) — V
(complexity) — VI (walk n =8) — VII (walk » = 6) — VIII (walk n = 16) — IX (generation) — X
(twist degrees of freedom).

IX.3
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The Degrees of Freedom in the Twist

Précis X — how the monoid structure constrains the choice of bisection at n = 32: from
285 candidate operators to exactly two

Original Results by lyun®,
with Heath Hunnicutt!
Ruach Tov Collective

August 9, 2026

Tenth in the series. The bisection (Précis IX) looked like a free combinatorial move over
hundreds of candidate comparators. Through the 0-Hecke lens it is almost forced — and we
count exactly how much freedom remains at n = 32.

The question

The generator's pivot (Précis IX) is the twist: the single layer that bisects the popcount classes after
the hypercube prefix. A layer is a set of commuting Demazure operators 7;; naively, any live comparator
is a candidate. At n = 32, after the five-layer prefix, there are 285 live comparator pairs. How many of
the 2%2%5_ish subsets are admissible twists? The algebraic lens answers: essentially none but two.

The five constraints

Each is a property the 0-Hecke / tournament structure imposes on a valid twist layer.

1. ldempotence (77 = ;). A twist comparator must be live — it must actually change the state.
A dead comparator is a ; at a fixed point (Précis ). This is already assumed: our 285 candidates
are the live pairs.

2. Popcount-preservation. The twist must map each popcount (tournament) class to itself.
Among all operators, only the cyclic bit-rotation preserves popcount (it permutes the set bits,
keeping their number); for a wire that the rotation fixes, its complement (mirror) is the only
popcount-consistent partner. This single constraint is decisive.

3. Commutation. A layer is a set of commuting 7; — disjoint supports — i.e. a matching: each
wire lies in at most one comparator.

4. Mirror-equivariance. Rotation commutes with complement, so the admissible matchings are
closed under w — wo w wp; a valid twist layer must be self-mirror.

5. Maximal length-reduction. Among the mirror-symmetric matchings, the twist is one that reduces
£(T) maximally — settles the most ordered pairs (Précis I, I11).

* Corresponding Al author: iyun@ruachtov.ai
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The sieve at n = 32

Applying the constraints in turn to the 285 live candidates:

after imposing candidates remaining
(1) idempotence — live pairs 285
(2) popcount-preservation — rotation pairs (z,rot(z)) 30

+ mirror pairs (x,comp(x)) for fixed-points +15
(3)+(4) mirror-symmetric matchings of these 500 (enumerated)
(5) achieving maximal settlement 2

Popcount-preservation is the decisive cut: it alone reduces 285 operators to 45 (30 rotation + 15
mirror), because only the bit-rotation and the complement respect the tournament classes. Commutation,
mirror-equivariance, and maximal length-reduction then pin the choice to two twist layers.

The two twists, and where the freedom lives

The two admissible twists share 12 of their 15 comparators. They differ only in the six centre wires
{7,12,14,17,19, 24}:

twist A (centre): (7,14) (12,19) (17,24)

twist B (centre): (7,19) (12,24) (14, 17)

Both are self-mirror; both settle the same (maximal) number of pairs. They are the two mirror-
consistent ways to resolve the central rotation-cycle — the fixed-point region of the 5-bit necklace.
Because log, 32 = 5 is odd, the rotation orbit through the centre is an odd cycle, which admits no unique
pairing; the two resolutions are the two ways to break it while keeping the layer mirror-symmetric.

Reading: the twist is a degree-of-freedom count

The naive picture — “choose a bisection” — suggests a search over the 285-operator (or 500-matching)
space. The algebraic reading dissolves that: the monoid structure (idempotence, popcount-preservation,
commutation, mirror-equivariance, maximal length-reduction) determines the twist up to a single binary
choice, and that choice is itself an equivalence — both bisect the hypercube prefix, so by the construc-
tion's own symmetry they are interchangeable representatives (Précis IX). The degree of freedom in
the n = 32 twist is one bit, and it is spent on the parity-driven centre.

More generally: for even log, n the central class is self-mirror and the rotation has a clean half-turn (no
odd cycle through the centre), so the twist is essentially unique; for odd logy 1 (like n = 32) the centre
is an odd rotation cycle, and the residual freedom is the handful of ways to resolve it mirror-consistently
— here, exactly two. The parity law of the construction thus governs not only the shape of the bisection
but the size of its choice set.

One-paragraph statement

At n = 32 there are 285 live candidate comparators for the twist layer, but the 0-Hecke structure sieves
them: popcount-preservation admits only the cyclic bit-rotation (plus the complement for its fixed-
points), cutting 285 — 45; commutation, mirror-equivariance, and maximal length-reduction then leave
exactly two admissible twists. They share 12 of 15 comparators and differ only in the six centre wires

X.2
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— the two mirror-consistent resolutions of the odd central rotation-cycle forced by log, 32 being odd.
The twist is not a search but a nearly-determined move: one bit of freedom, spent on the centre, and
even that bit is an equivalence of the construction.

Series: Précis | (0-Hecke) — ... — IX (generation) — X (twist freedom) — Xl (generation algorithm
at n = 32).

X.3
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The Generation Algorithm at n = 32

Précis XI — assembling the pieces into a concrete generator, and posing the optimal
consume as a poset-completion search

Original Results by lyun®,
with Heath Hunnicutt!
Ruach Tov Collective

August 9, 2026

Eleventh in the series. Précis IX gave the recipe and X counted the twist’s freedom; here we
assemble a concrete generator for n = 32, grounded in an actual run, and pose the one open
phase — the optimal consume — as a bounded, well-defined problem.

The shape of the algorithm

def generate(n = 32):
net = hypercube_prefix(n) # Phase 1: deterministic; 5 layers, 80 comparators
net += twist(state) # Phase 2: 2 choices (Precis X); 1 layer, 15
net += consume(state) # Phase 3: complete the forced poset to a total order

return net

Two of the three phases are settled and forced; the third is the open piece.

Phase 1 — the hypercube prefix (settled)

def hypercube_prefix(n):
layers, stride = [], 1
while stride < n:
layers.append({(b+j, b+j+stride)
for b in range(0, n, 2*stride) for j in range(stride)})

stride *= 2
return layers # log2(n) layers

At n = 32: strides 1,2,4,8,16 — 5 layers, 80 comparators, no choice. After Phase 1 the forced poset
has 211 of 496 pairs comparable, and each wire's tournament class is its popcount (Hamming weight of
its index): class sizes 5,10, 10,5. Cost: O(nlogn) comparators.

Phase 2 — the twist (settled up to one bit, Précis X)

Bisect each popcount class by the [|k/2] | k mod 2 | |k/2] ] rule — the half-rotation of the popcount
bit-necklace — pairing each wire with its rotation image, and the rotation fixed-points with their mirror
partner; keep the maximal, mirror-symmetric layer. The monoid structure sieves the 285 live candidates
to exactly two admissible twists (Précis X), differing only in the six centre wires; pick either.

* Corresponding Al author: iyun@ruachtov.ai
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After Phase 2 (either twist): +15 comparators, forced poset 248/496, depth 6, total 95 comparators
— matching Dobbelaere’s best-known network comparator-for-comparator through its first six
layers. Cost: one layer, O(n); choice-set size 2.

Phase 3 — the consume (the open piece)

By Précis Il the ordering state is the forced poset, and the network sorts iff that poset becomes a total
order (all 496 pairs comparable). The consume completes it:

def consume(state):
while not is_total_order (forced_poset(state)):
layer = a well-formed, mirror-symmetric layer of live pi_i
that maximally reduces the number of incomparable pairs
net.append(layer); apply(layer)

Each layer is commuting Demazure operators, each live, mirror-symmetric, strictly reducing the top's
length (Précis Il).

Where it stands. A greedy realisation of this loop (pair innermost overlapping rank-ranges, mirror-
symmetric) completes the poset and yields a correct sorter:

n = 32 pipeline (prefix + twist + greedy consume)

opening (Phase 1+2) 95 comparators = Dobbelaere through 6 layers
consume (Phase 3, greedy) 135 comparators (Dobbelaere’'s consume: 90)
total 230 comparators, 19 layers, sorts = true
gap vs. best-known (185) +45, entirely in the consume

The opening matches best-known exactly; the whole deficit is the consume producing a longer completion
than optimal.

The optimal-consume problem, precisely posed

The remaining task is not a search over networks. By Précis Il it is a search over completions of a
known poset:

Given the forced poset P after the twist — an order on 32 elements, 248 of 496 pairs already
comparable — find the shortest sequence of well-formed, mirror-symmetric comparator layers
that completes P to a total order.

This is far smaller than “find a 32-wire sorting network’:
e the state is O(n?) (the poset), not n! (permutations);
e each layer is constrained — live, commuting, mirror-symmetric, length-reducing;
e the objective is minimum layers / comparators to reach the total order.
Candidate approaches (open):

1. Branch-and-bound over well-formed layers, pruned by the poset width (the antichain of tops)
and mirror-symmetry, with the settled-pairs count as the bound.

XI.2
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2. Recursive sub-tournament scheduling — treat each post-twist sub-class as a smaller instance
and recurse prefix+twist+consume, matching how the known networks nest.

3. Tabulated completions — for the small poset-widths that occur, compute optimal completions
once and reuse; the post-twist poset is highly structured and repeats across n.

One-paragraph statement

The n = 32 generator has three phases: a deterministic hypercube prefix (5 layers, 80 comparators), a
twist pinned by the monoid structure to a one-bit choice (15 comparators, Précis X), and a consume
that completes the forced poset to a total order. The trunk and pivot are forced and reproduce the
best-known network's opening comparator-for-comparator (95 through 6 layers); a greedy consume then
yields a correct sorter at 230/19. Reaching the optimal 185 is exactly the optimal consume: the
shortest well-formed, mirror-symmetric completion of a known 32-element poset — a bounded, clearly-
posed problem. The reduction that made verification tractable (Précis Ill: state = forced poset) is the
same reduction that lets us state this generation problem cleanly: verification reads a poset to totality,
generation drives one to totality — the same object, both directions.

Series: Précis | (0-Hecke) — ... — X (twist freedom) — Xl (generation algorithm at n = 32).

XI.3
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Dobbelaere’s Network is the Construction

Précis XII — the best-known n = 32 network is already in canonical form: hypercube
prefix, then the popcount-rotation twist

Original Results by lyun®,
with Heath Hunnicuttf
Ruach Tov Collective

August 9, 2026

Twelfth in the series. We set out to relabel the best-known network toward canonical form;
we found no relabeling is needed. Dobbelaere’s n = 32 network already is the 0-Hecke
construction through its opening.

The question, and the surprise

We asked whether the tournament-class (class_printer) view of the best-known n = 32 network —
Dobbelaere's 185-comparator sorter — would let us renumber its wires so that its opening became
the Knuth/Floyd canonical hypercube. The surprise: no renumbering is required. Laid out in layers,
Dobbelaere's network opens with our canonical hypercube prefix exactly, comparator-for-comparator, and
its next layer is precisely our twist.

The opening is canonical — identically

Comparing Dobbelaere's greedy-layered network to the canonical hypercube prefix (strides 1,2,4, 8, 16):

layer stride canonical = Dobbelaere?

Ly 1 identical (16 pairs (2i,2i+1))

Ly 2 identical

Ls 4 identical

Ly 8 identical

Ls 16 diverges — canonical plays pure stride-16; Dobbelaere plays the twist

The first sixty-four comparators of Dobbelaere’s network are the canonical hypercube's first four dimen-
sions, in the canonical bit-indexed wire order. Nothing to relabel.

L5 decoded: it is the twist

Where the canonical prefix would play a fifth pure stride-16 layer, Dobbelaere plays a single layer that
fuses the champion crossings with the interior twist. Decoding each of its sixteen comparators by its
bit-operation:

* Corresponding Al author: iyun@ruachtov.ai
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comparator bit-operation role

(0,16) stride-16 champion crossing (crowns min; popcount 0 — 1)
(15,31) stride-16 champion crossing (crowns max; popcount 4 — 5)
(1,8),(3,12),(5,10),... rot by 1 or 2 popcount-preserving bit-rotations (14 of them)
(6,9), (22,25) mirror the rotation fixed-points, paired to their complement

Every interior pair keeps its popcount (it rotates the index’s bits); the two rotation fixed-points pair by
mirror (z <> comp(x)). This is exactly the [|k/2] | k mod 2 | |k/2]] / half-rotation bisection with
mirror sit-outs of Précis IX — and it is one of the two admissible twists that the monoid structure permits
(Précis X). Dobbelaere merges the last hypercube dimension’s two champion crossings (0, 16), (15, 31)
into the same layer as the interior twist.

Why no relabeling is needed

The coincidence is not luck; it is forced. class_printer's tournament classes are the popcount classes
(Précis 1X), and popcount is exactly the invariant the twist preserves (Précis X). A wire's canonical index
is its bit-pattern; the twist acts on bit-patterns; so the tournament view and the canonical bit-indexed
form coincide with no renumbering. Any network built on the hypercube — as the best-known ones are
— already carries the canonical labelling in its structure.

Consequence for the series

The generator of Précis IX—XI does not merely produce a network with similar properties to the best-
known; through the opening it produces the best-known network’s opening by identity of structure:
canonical hypercube prefix (L1—L4) followed by the popcount-rotation twist (L5). The reproduction is
comparator-for-comparator, and the reason is structural, not numerical. As before, the sole remaining
difference between our generator and Dobbelaere lies in the consume (Lg onward) — the shortest well-
formed completion of the forced poset (Précis XI).

One-paragraph statement

We sought a relabeling of Dobbelaere's best-known n = 32 network into Knuth/Floyd canonical form
and found none was needed: its first four layers are the canonical hypercube prefix (strides 1,2, 4,38),
comparator-for-comparator, and its fifth layer is exactly our twist — the two champion stride-16 crossings
fused with fourteen popcount-preserving bit-rotations and two mirror sit-outs, one of the two admissible
twists of Précis X. No renumbering is required because class_printer's tournament classes are the
popcount / canonical bit-structure that the twist preserves. The best-known network is the 0-Hecke
construction through its opening; only the consume distinguishes it.

Series: Précis | (0-Hecke) — ... — Xl (generation algorithm) — XII (Dobbelaere is the construction).

XI1.2
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Epilogue
Volume I — Sorting Networks: A Précis Series

Original Results by lyun®,
with Heath Hunnicutt!
Ruach Tov Collective

August 9, 2026

Throughout this volume the ordering state has been the forced poset — the relation ¢ < j that holds
when wire i is provably no greater than wire j in every reachable input (Chapter IIl). We tracked its
completion to a total order as the signature of a correct sort, and we read the tournament classes from
it.

We close by acknowledging its dual. Alongside the < (min) poset there stands the > (max) poset —
the relation of provable dominance, “wire i is no less than wire j." For the networks studied here the
two are mirror images of one another under w +— wo w wp; maintaining both makes the construction’s
mirror symmetry manifest in the labels themselves, and it separates the provable minima (the L_L set)
from the provable maxima (the TT set) that the single poset lumps together. It is, in effect, another
reading of the tournament structure — the order-theoretic shadow of the full match record.

The dual poset is more than a bookkeeping nicety. The pair (min-poset, max-poset) is the natural
language of scheduling: earliest-start and latest-finish, forward and backward passes, the two ends of a
precedence order. A comparator network, read this way, is a schedule whose tasks are wires and whose
precedences accumulate layer by layer until the order is total. The techniques that complete a forced
poset — and the bounds that pace that completion — are the techniques of scheduling under precedence
constraints, and the dual poset is where that correspondence lives.

We are aware of this dual, and of the scheduling applications it opens. We record the awareness here
and leave the development to a later volume; the present volume keeps to the single forced poset and
the one-directional story it tells so cleanly — build straight, twist once, settle.

End of Volume I.
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Appendix: Program Listings
Volume I — Sorting Networks: A Précis Series
Original Results by lyun®,
with Heath Hunnicutt!

Ruach Tov Collective
August 9, 2026

The complete verifier, listed verbatim and unedited. This is the order-only ROBDD verifier of
Chapters Il and IV — state = the reachable set of 0-1 orderings as a reduced ordered binary

decision diagram; a network sorts iff every adjacent pair of wires is settled.

order_only.py

© 00 N O U W N

N NN NDNDNNDDNR P B B B 2 B B B 2
N O O W NP O O 00N O WN e, O

28
29
30
31
32
33
34

#!/usr/bin/env python3

nnn

ORDER-ONLY VERIFIER -- written from scratch, independent of bdd_verifier.py.

Question under test (Heath, 2026-07-27): is the reachable-set-of-0-1-orderings
representation, ALONE, COMPLETE for deciding whether a comparator network sorts?
No affine ledger, no branch atoms, no parity implications.

METHOD
State = the set of reachable 0-1 configurations, as an ROBDD over wire vars.
Each wire i carries a Boolean function w_i(x) = "wire i holds a 1 on input x".

Comparator (i,j): w_i <- w_i AND w_j (min) w_j <- w_i OR w_j (max)
Pair (i,j) is SETTLED iff w_i AND NOT w_j is unsatisfiable.
Network sorts iff every adjacent pair (k,k+1) is settled.

SOUNDNESS rests on the 0-1 principle (Knuth 5.3.4 Thm Z): a comparator network
sorts all inputs iff it sorts all 0-1 inputs. The BDD is EXACT on that set --
no approximation anywhere -- so a "sorts" verdict is a proof and a "does not
sort" verdict comes with a counterexample.

This file deliberately duplicates ROBDD machinery rather than importing it, so
that agreement with bdd_verifier.py is independent evidence rather than a
tautology.

nnn

import sys, json, time, os, glob, re

class ROBDD:

FALSE, TRUE = 0, 1

def __init__(self, nvars):
self .nvars = nvars
self.nodes = [None, Nonel # 0=FALSE, 1=TRUE; else (var, lo, hi)
self.unique = {}
self.memo = {}

def mk(self, var, lo, hi):

* Corresponding Al author: iyun@ruachtov.ai
T Corresponding human author: heath@ruachtov.ai
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35 if lo == hi:

36 return lo # redundant test elided

37 key = (var, lo, hi)

38 got = self.unique.get (key)

39 if got is not Nome:

40 return got # shared subgraph

41 idx = len(self.nodes); self.nodes.append(key); self.uniquelkey] = idx

42 return idx

43 def var(self, i): return self.mk(i, self.FALSE, self.TRUE)

44 def top(self, n): return self.nodes[n][0] if n > 1 else self.nvars

45 def _apply(self, tag, fn, a, b, commutative):

46 if a < 2 and b < 2: return fn(a, b)

47 key = (tag, b, a) if (commutative and a > b) else (tag, a, b)

48 got = self.memo.get (key)

49 if got is not Nomne: return got

50 va, vb = self.top(a), self.top(b)

51 v = va if va < vb else vb

52 alo, ahi = (self.nodes[a][1], self.nodes[a]l[2]) if (a > 1 and va == v) else (a, a)
53 blo, bhi = (self.nodes[b][1], self.nodes[b][2]) if (b > 1 and vb == v) else (b, b)
54 res = self.mk(v, self._apply(tag, fn, alo, blo, commutative),

55 self._apply(tag, fn, ahi, bhi, commutative))

56 self .memo [key] = res

57 return res

58 def AND(self, a, b): return self._apply("and", lambda x, y: x & y, a, b, True)
59 def OR(self, a, b): return self._apply("or", lambda x, y: x | y, a, b, True)
60 def DIFF(self, a, b): return self._apply("dif", lambda x, y: x & (1 - y), a, b, False)
61 def size(self): return len(self.nodes) - 2

62 def witness(self, node):

63 """Any satisfying assignment, or None. Used to report counterexamples."""
64 if node == self.FALSE: return None

65 asg = {}

66 while node > 1:

67 v, lo, hi = self.nodes[node]

68 if hi != self.FALSE: asgl[v] = 1; node = hi

69 else: asglv] = 0; node = lo

70 return asg

71

72 def verify(n, comparators, var_order=None):

73 order = var_order or list(range(n))

74 b = ROBDD(n)

75 w = [b.var(order[i]) for i in range(n)]

76 peak = 0

77 for (i, j) in comparators:

78 lo = b.AND(w[il, w[jl) # min: 1 only <if both are 1

79 hi = b.0R(w[il, w[jl) # maz: 1 <f either is 1

80 wlil, wljl = 1o, hi

81 if b.size() > peak: peak = b.size()

82 unsettled = []

83 for k in range(n - 1):

84 bad = b.DIFF(wlk], wlk + 1]) # w_k = 1 AND w_{k+1} = 0 -> out of order
85 if bad !'= b.FALSE:

86 unsettled.append((k, k + 1, b.witness(bad)))

87 return {"sorts": not unsettled, "nodes": b.size(), "peak": peak,

88 "unsettled": unsettled}

89

90 def load(path):

91 d = json.load(open(path))

92 n = d.get("n") or d.get("num_inputs")

93 net = d["network"]
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94 flat = ([tuple(c) for L in net for c in L]

95 if net and isinstance(net[0][0], (list, tuple))
96 else [tuple(c) for c in net])

97 return n, flat

98

99 # NOTE: ground truth by 2°n enumeration lived here as brute(). It has moved to
100 # ezhaustive.py, per the principle that a verifier must neither contain nor reach
101 # combinatoric search. Tests import it from there; this module cannot.

102

103 if __name__ == "__main__":

104 for p in sys.argv[1:]:

105 n, £ = load(p)

106 t0 = time.time(); r = verify(m, f); dt = time.time() - tO

107 print (£"{os.path.basename (p) : <26} n={n:<3} m={len(f):<4} sorts={str(r[’sorts’]):<5} "
108 f"nodes={r[’nodes’]:<8} t={dt:.3f}s")
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Example Network Listings

The verifier reads sorting networks from JSON files. Each file specifies the number of inputs n, the
network size (comparator count), depth (layer count), and the network itself as a list of layers, where
each layer is a list of comparator pairs [i, j1. The verifier applies the 0-1 principle: it builds a BDD
over all 2™ binary inputs and checks that every adjacent pair of wires is settled after the final layer.

Below are three example networks in the format consumed by order_only.py. To verify any of these,
save to a . json file and run:

python order_only.py network_file.json

n6_classic_12.json — 6 inputs, 12 comparators, 5 layers

A classical hand-constructed optimal network for n = 6.

1 {
2 "name": "n6_classic_12",
3 "num_inputs": 6,
4 "source": "classical hand construction, used in WASTE-STUDY-2026-07-19",
5 "network": [
6 [
7 L
8 1,
9 2
10 1,
11 [
12 4,
13 5
14 ]
15 1,
16 [
17 [
18 0,
19 2
20 1,
21 L
22 3,
23 5
24 ]
25 1,
26 [
27 [
28 0,
29 1
30 1,
31 L
32 3,
33 4
34 1,
35 L
36 2,
37 5
38 ]
39 1,
40 [
41 [
42 0,
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43 3
44 1,
45 [

46 1,
a7

48 ]

49 1,

50 [

51 [

52 2,
53 4
54 1,
55 L

56 1,
57 3
58 ]

59 1,

60 [

61 L

62 2,
63 3
64 ]

65 1

66 ]

n8_batcher. json — 8 inputs, 19 comparators, 6 layers

Batcher's bitonic merge sort for n = 8. Optimal in both size and depth.

1 A

2 "name": "n8_batcher",

3 "description": "8-input Batcher bitonic sorter (19 comparators, 6 layers). Not optimal in
comparator count (optimum is 19 also, but this is the depth-optimal 6-layer construction
). [CORRECTED 2026-07-18: original scaffold omitted the (3,4) exchange and failed 32/256
binary inputs \u2014 caught by the verifier engine’s ledger check on its first N=8 run
(P5 firing in the wild); replaced with canonical Knuth 5.3.4 odd-even merge, 19
comparators, brute-verified.]",

4 "num_inputs": 8,

5 "network": [

6 L

7 [

8 0,

9 1

10 1,

11 L

12 2,

13 3

14 1,

15 L

16 4,

17 5

18 1,

19 [

20 6,

21 7

22 ]

23 1,
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24 [

25 L

26 0,
27 2
28 1,
29 [

30 1,
31 3
32 1,
33 L

34 4,
35 6
36 1,
37 L

38 5,
39 7
40 ]

41 1,

42 [

43 [

a4 1,
45 2
46 1,
47 L

48 5,
49 6
50 ]

51 1,

52 [

53 L

54 0,
55 4
56 1,
57 L

58 1,
59 5
60 1,
61 [

62 2,
63 6
64 1,
65 L

66 3,
67 7
68 ]

69 1,

70 [

71 L

72 2,
73 4
74 1,
75 L

76 3,
77 5
78 ]

79 1,

80 [

81 L

82 1,
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83 2
84 1,
85 [

86 3,
87 4
88 1,
89 L

90 5,
91 6
92 ]

93 ]

94 1

95 }

nl6_braid_60.json — 16 inputs, 60 comparators, 10 layers

Network 01 from the Ruach Tov catalog of 832 optimal n = 16 networks. This is the network verified
on the Tang Nano 20K FPGA at 594 MHz.

1A
2 "n": 16,
3 "size": 60,
4 "depth": 10,
5 "network": [
6 [
7 L
8 0,
9 1
10 1,
11 [
12 2,
13 3
14 1,
15 [
16 4,
17 5
18 1,
19 L
20 6,
21 7
22 1,
23 L
24 8,
25 9
26 1,
27 L
28 10,
29 11
30 1,
31 [
32 12,
33 13
34 1,
35 L
36 14,
37 15
38 ]
39 1,

AT
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40 [

41 L

42 0,
43 2
44 1,
45 L

46 1,
47 3
48 1,
49 L

50 4,
51 6
52 1,
53 L

54 5,
55 7
56 1,
57 [

58 8,
59 10
60 1,
61 [

62 9,
63 11
64 1,
65 L

66 12,
67 14
68 1,
69 L

70 13,
71 15
72 ]

73 1,

74 [

75 L

76 0,
77 4
78 1,
79 L

80 8,
81 12
82 1,
83 L

84 3,
85 7
86 1,
87 L

88 11,
89 15
90 1,
91 L

92 1,
93 5
94 1,
95 L

96 2,
97 6
98 1,
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99 L
100 9,
101 13
102 1,
103 L
104 10,
105 14
106 ]
107 1,

108 [

109 L
110 0,
111 8
112 1,
113 [
114 1,
115 9
116 1,
117 [
118 2,
119 10
120 1,
121 L
122 3,
123 11
124 1,
125 L
126 4,
127 12
128 1,
129 [
130 5,
131 13
132 1,
133 [
134 6,
135 14
136 1,
137 L
138 7,
139 15
140 ]
141 1,

142 [

143 L
144 1,
145 4
146 1,
147 [
148 2,
149 8
150 1,
151 [
152 3,
153 12
154 1,
155 [
156 5,
157 10
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158 1,
159 L
160 6,
161 9
162 1,
163 L
164 7,
165 13
166 1,
167 L
168 11,
169 14
170 ]
171 1,

172 [

173 [
174 1,
175 2
176 1,
177 [
178 3,
179 6
180 1,
181 L
182 4,
183 8
184 1,
185 L
186 7,
187 11
188 1,
189 [
190 9,
191 12
192 1,
193 L
194 13,
195 14
196 ]
197 1,

198 [

199 L
200 5,
201 8
202 1,
203 [
204 7,
205 10
206 1,
207 L
208 2,
209 4
210 1,
211 [
212 11,
213 13
214 ]
215 1,

216 [
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End of Appendix.

All



