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Abstract

The 0–1 principle says that a comparator network sorts all inputs if and only if it sorts all 0–1 inputs.
It is universally read as a proof convenience: it shrinks the verification obligation from n! orderings
to 2n vectors and is otherwise unremarkable. We show it is something else. On a chain of more
than two elements, (min,max) forms a bounded distributive lattice that is not complemented;
on {0, 1} it is complemented, and (min,⊕,max, 0, 1) is then a Boolean algebra — equivalently a
Boolean ring. The consequence is structural rather than quantitative: at exactly two values, the
branch atom of a comparator becomes derived rather than primitive, g = a⊕min(a, b), so the parity
ledger that a discharge calculus maintains separately from the ordering ledger is generated by the
order operations. The 0–1 principle is thus the point at which the algebra closes — where a second
component stops being necessary because the first entails it. Above the boundary, two components
are forced.

1 The claim

Let c(a, b) = (min(a, b),max(a, b)) denote the action of a comparator.

Proposition 1 (Statement). The 0–1 principle is not merely a reduction of the verification obligation. It
is the exact point at which the underlying lattice becomes complemented, and hence the point at which
the ordering structure and the parity structure close into a single algebra rather than requiring two.

Everything below is elementary. That is the point: the ingredients are all classical, and what is offered
is the identification of which classical fact the 0–1 principle is.

2 What the calculus actually uses

A discharge calculus for comparator networks manipulates two kinds of state. The ordering state
records which wire is known to lie below which. The parity state records, for each comparator, whether
it swapped. In practice these are maintained as two ledgers, coupled by hand.
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signature (min,⊕,max, 0, 1) and the observation that the two tropical semirings each admit operations the calculus never
performs.
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It is worth first observing how little of any ambient algebra the calculus touches.

Proposition 2 (The operations in play). The comparator is a single binary operation returning a
pair. It is idempotent, c(a, a) = (a, a); commutative, c(a, b) = c(b, a); and multiset-preserving,
{min(a, b),max(a, b)} = {a, b}. It is not associative — not even well-typed for associativity, since
it returns a pair and composition requires a wiring. The calculus never uses +, never uses min or max
in isolation, and never uses a scalar shift.

This already rules out the tropical [1] reading. In the min-plus semiring, min is addition and + is
multiplication; but + never occurs here, and max is not min-plus linear. (An exhaustive search over
integer rows confirms it: min is the row [0, 0,∞] exactly, and no row reproduces max.) The semiring is
strictly larger than the algebra in play, and larger in a direction that is never used.

Lemma 1 (Lattice structure). On any chain, (min,max) is a bounded distributive lattice. Absorption
holds in both directions, a ∧ (a ∨ b) = a and a ∨ (a ∧ b) = a, as does distributivity. The comparator is
the lattice operation applied as a pair-swap.

3 The boundary

Theorem 1 (Complementation at two elements). On {0, 1}, the lattice (min,max, 0, 1) is comple-
mented: every a admits a′ with min(a, a′) = 0 and max(a, a′) = 1. Consequently (min,⊕,max, 0, 1) is
a Boolean algebra, equivalently a Boolean ring under (⊕,min). On a chain of more than two elements
the lattice is not complemented.

The Boolean ring axioms are satisfied with + = ⊕ and · = min: additive identity a ⊕ 0 = a; additive
inverse a⊕a = 0; multiplicative identity a∧1 = a; idempotence a∧a = a; and distributivity a∧(b⊕c) =
(a ∧ b) ⊕ (a ∧ c). All are verified by enumeration. The lattice side supplies the complement, and ⊕ is
then derivable from it:

a⊕ b = max
(
min(a, b′), min(a′, b)

)
.

On a four-element chain, no element has a complement. The verification is immediate: for a /∈ {0, 3}
there is no x with min(a, x) = 0 and max(a, x) = 3 simultaneously. The quantity max(a, b) −
min(a, b) = |a − b| remains meaningful on a chain, but ⊕ is not defined there, and parity has no
home in the algebra.

4 The consequence for the branch atom

Corollary 1 (The branch atom is derived). On {0, 1}, the branch atom of a comparator — the indicator
that it swapped — satisfies

g = a⊕min(a, b).

Verified on all inputs. The comparator swaps exactly when a > b, which on booleans is a ∧ ¬b; and
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a⊕min(a, b) agrees with it pointwise.

This is the load-bearing observation. The parity information that a discharge calculus tracks in a
separate GF(2) ledger is already generated by the order operations. The two ledgers are not two
structures. They are one structure and a quantity derived from it.

An immediate practical consequence: coupling rules that relate the ordering side to the parity side —
of the form “if the anti-cell holds implicands h, then the non-swap branch refutes h and h implies the
swap branch” — are not additional axioms to be imposed. They are identities the algebra already
entails. A calculus that states them as rules is reconstructing, by hand, something that follows from
g = a⊕min(a, b).

5 Why this makes 0–1 sufficiency structural

The usual account of the 0–1 principle is quantitative. It replaces an obligation of size n! with one of size
2n; both are exponential; the principle is a convenience that makes proofs tractable and nothing more.

The account here is different in kind. Consider the two regimes:

chain, > 2 values {0, 1}

lattice bounded, distributive bounded, distributive
complemented no yes
⊕ not defined derivable from the lattice
branch atom primitive; needs its own ledger derived: g = a⊕min(a, b)
components two are forced one suffices

The 0–1 principle places us exactly at the size where the lattice acquires complements. That is not
a coincidence of counting. It is the condition under which the algebra closes: below it, one structure
carries both order and parity; above it, the second component becomes necessary because the first cannot
generate ⊕.

So the principle is not a trick that shrinks the input space. It is the boundary at which order and parity
stop being two things.

6 Status and provenance

Provenance. The conjecture and the signature are Heath Hunnicutt’s. His formulation: the two tropical
semirings each admit operations the calculus never performs, and + is never performed at all; the right
structure might be (min,⊕,max) with constants 0 and 1 available. The contribution of the present note
is the verification and, specifically, the negative probe — testing where complementation fails. That
failure on a chain of more than two elements is what converts a signature into an explanation.

Novelty. Not established. Boolean algebra and the 0–1 principle are both long-standing; what may be
new is the specific identification — that 0–1 sufficiency is complementation, and that this is why one
algebra suffices at that size and not above it. The result was reported as new to a researcher with roughly
a decade on the problem, which is the strongest evidence available to the author, and is not a literature
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search. If the identification is already known, the correct response is to cite it and drop the claim. The
verifications stand either way.

Verification. All statements above were checked by exhaustive enumeration before being asserted: the
lattice axioms on a four-element chain, both Boolean-ring and Boolean-algebra axiom sets on {0, 1}, the
derivability of ⊕ from the complemented lattice, the identity g = a ⊕ min(a, b) on all inputs, and the
failure of complementation on the four-chain. The tropical negative — that max admits no min-plus
row — was checked by exhaustive search over integer rows with ∞ permitted.
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