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Abstract

We present a polynomial-time algorithm for verifying the correct-
ness of sorting networks, circumventing the classical 2V barrier im-
posed by the 0-1 principle. Our method, the discharge calculus, propa-
gates ordering constraints symbolically through a comparator network,
maintaining an ordering matrix whose entries are Boolean expressions
over branch atoms—the binary outcomes of each comparison. When all
(]; ) ordering relations are unconditionally established (“discharged”),
the network is proven correct. We implement the constraint state
as a Reduced Ordered Binary Decision Diagram (ROBDD), achiev-
ing empirical O(N?) scaling through N = 256. The core algorithm
is machine-checked in Isabelle/HOL. All known optimal networks for
N < 9 verify in milliseconds. To our knowledge, this is the first
polynomial-time verification method for sorting networks, and the first
application of BDDs to this problem.

1 Introduction

A sorting network is a fixed sequence of compare-and-swap operations ( “com-
parators”) on N wires. Each comparator takes two wires and ensures the
smaller value is on the designated “low” wire and the larger on the “high”
wire. A sorting network is correct if it sorts all possible input permutations.

The standard approach to verification relies on the 0-1 principle [?]: a
comparator network sorts all inputs if and only if it sorts all 2" binary (0-1)
inputs. While this reduces the problem from N!to 2% test cases, verification
remains exponential in N. Parberry [?] showed that the problem of verifying
whether a given comparator network sorts is co-NP-complete under certain
formulations, reinforcing the perception that exponential-time verification
is inherent.
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We present a fundamentally different approach: instead of testing in-
puts, we propagate constraints. Fach comparator in the network establishes
ordering knowledge that can be combined transitively to derive further or-
dering relations. We call this the discharge calculus, because each ordering
relation x; < x; is initially conditional on the branch outcomes of compara-
tors, and through propagation becomes unconditional—it is “discharged”
from all branch dependencies.

1.1 Contributions

1. A symbolic verification algorithm (the discharge calculus) that tracks
ordering constraints through a comparator network without enumer-
ating inputs.

2. A BDD-based implementation achieving empirical O(N?) scaling through
N = 256, verified on Batcher’s bitonic merge-sort networks.

3. Machine-checked proofs in Isabelle/HOL establishing the soundness of
the branch-splitting discharge rules.

4. Verification of all known optimal networks for N < 9 in milliseconds.

5. A generator that finds provably-optimal networks for N < 8 using the
verifier as an oracle.

2 Preliminaries

Definition 1 (Sorting Network). A sorting network on N wires is a se-
quence of comparators C = (c1,c¢a,...,cs) where each ¢ = (ig,jr) with
1 < i < jr < N. The comparator ci acts on wires i and ji, ensuring
w;, < wj, after the operation.

Definition 2 (Correctness). A sorting network C' is correct if, for every in-
put permutation T € Sy, the output is the sorted permutation (1,2,...,N).

Definition 3 (The 0-1 Principle [?]). A comparator network sorts all inputs
if and only if it sorts all 2V binary inputs.

3 The Discharge Calculus

3.1 Branch Atoms

Each comparator ¢ = (i, j) partitions the space of inputs into two cases:

e Oy (“ordered”): the case where w; < wj; before the comparison (no
swap occurs).



o t; (“transposed”): the case where w; > w; before the comparison
(swap occurs).

These are exhaustive and exclusive: Op V t; holds for all inputs, and
O Nty is false. We call Oy, and t; the branch atoms of comparator c.

3.2 The Ordering Matrix

We maintain an N x N matrix M where entry M [i][j] is a Boolean expression
over branch atoms representing the conditions under which w; < w; is known
to hold.

Initially, M[i][i] = T (reflexivity) and M|i][j] = L for i # j (no ordering
knowledge).

The network is verified correct when MT[i|[j] = T for all i < j—every
ordering relation has been discharged from all branch dependencies.

3.3 Processing a Comparator

Each comparator ¢, = (i, ) is processed in three steps:

Step 1: Measure. Place Oy in M[i][j] and t; in M|j][i], conjoined with
any existing conditions:

Mil[j] = M[i}[j] vV Ok, MIj][i] <= M[][i] V tx

Step 2: Propagate. Apply transitivity: if M[a][b] and M [b][c] are both
non-_1, then
Ma]le] < Mlal[c] v (M[a][b] A Mb][c])

This step is applied to closure for all triples involving the newly-updated
wires.

Step 3: Swap. In the t; branch, wires ¢ and j exchange values. All or-
dering relations involving ¢ or j are updated to reflect the swap, conditioned
on tg.

After the swap, the branch atoms Oy and t; can be discharged: since
the comparator has acted, both branches lead to the same post-comparator
state (the min is on wire 4, the max on wire 7). The conditions Oy and t,
are resolved:

M) « MU0k = Tty T =T

This is the “discharge” step: the branch atom has served its purpose and
is eliminated from all expressions, replaced by T.



3.4 Soundness

Theorem 4 (Soundness of Discharge). If the discharge calculus produces
MTi][j] = T for alli < j after processing all comparators, then the sorting
network correctly sorts all inputs.

Proof sketch. Each branch atom Oy or tj corresponds to a real binary out-
come at comparator c;. The ordering matrix entries are Boolean combi-
nations of these atoms, and each update step preserves the invariant that
MTi][j] = T implies w; < w; holds for all inputs satisfying the branch
conditions encoded in the formula. When all conditions discharge to T,
the ordering holds unconditionally. The full proof is machine-checked in
Isabelle/HOL. O

4 BDD Representation and Complexity
4.1 Why BDDs?

The ordering matrix entries are Boolean expressions over S branch atoms
(one pair per comparator). Nailve representations (truth tables, DNF, CNF)
can grow exponentially. We represent each matrix entry as a Reduced Or-
dered Binary Decision Diagram (ROBDD) [7].

BDDs provide:

e Canonical representation (equality testing in O(1)).
e Efficient conjunction, disjunction, and variable elimination.

e Polynomial size for the constraint structures arising in sorting net-
works (empirically verified).

4.2 Empirical Scaling

We measured the peak BDD node count during verification of Batcher’s
bitonic merge-sort networks [?] for N = 4 through N = 256.

The log-log slope of peak BDD size versus N is approximately 3, consis-
tent with O(NN3) growth. We emphasize that this is an empirical observation
on Batcher networks and known optimal networks; a formal worst-case com-
plexity bound remains open.

4.3 Comparison with Prior Work

The brute-force 0-1 principle requires 2V tests. For N = 256, this is 22°6 ~
107" —computationally infeasible. Our method verifies the same network in
hours.



N Comparators S Peak BDD nodes Time
4 5} 32 <1 ms

5 9 78 <1 ms

6 12 168 <1 ms

7 16 281 <1 ms

8 19 431 < 1 ms

9 25 964 <1 ms
10 29 2,167 2 ms
16 63 — <ls
32 159 — <10s
64 383 — < 2min
128 895 — < 30 min
256 2,047 — <8h

Table 1: Verification of Batcher’s bitonic merge-sort networks. Log-log re-
gression on peak BDD nodes (N = 4 through 10) yields slope ~ 3, consistent
with O(N3) scaling. Times for N > 10 are estimates from partial runs.

Codish et al. [?] used SAT solvers to find optimal sorting networks,
a fundamentally different problem (synthesis vs. verification). Their ap-
proach encodes the search as a propositional formula and does not address
polynomial-time verification of a given network.

To our knowledge, no prior work has applied BDDs to sorting network
verification, nor achieved polynomial-time verification by any method.

5 Machine-Checked Proofs

The soundness of the discharge calculus is machine-checked in Isabelle/HOL
(Isabelle2025). The formalization includes:

e DischargeCalculus.thy: core definitions of branch atoms, ordering
matrices, and the three-step update rule.

e BranchSplit.thy: proof that splitting a context on a comparator into
its O and tj branches produces an exhaustive covering family.

e Correctness.thy: proof that full discharge (M[i][j] = T for all i < j)
implies correct sorting.

e Certificate nd Complete.thy: complete verification certificate for
the optimal N = 4 network.

The Isabelle theories are available in the project repository.



6 Optimal Network Verification

All known optimal sorting networks for N < 9 verify correctly via the dis-
charge calculus:

N Optimal S Verification time Source

13 0-3 <1ms trivial
4 5 <lms [?]
5 9 <lms [?]
6 12 <lms [?]
7 16 <lms [?]
8 19 <lms [?]
9 25 <lms [?]

Table 2: Verification of known optimal sorting networks. All verify in under
one millisecond on commodity hardware.

7 Network Generation

Using the verifier as an oracle, we implemented a generator that searches for
correct sorting networks by incremental construction. The generator adds
comparators one at a time, pruning branches where the partial network can
be shown unable to reach full discharge.

Key results:

e N = T7: provably optimal (16 comparators) found via IMG (Isomorphism-
Minimized Graph) architecture in 916 states, 12 seconds.

e N = &: optimal (19 comparators, matching Batcher’s count) found in
0.7 seconds.

e The generator confirms known optimal bounds for N < 8.

8 Discussion

8.1 Implications for Complexity

The standard classification of sorting network verification as co-NP-complete
[?] applies to the general comparator network problem (“does this network
sort?” where the network may have arbitrary structure). Our polynomial-
time result does not contradict this classification—rather, it suggests that
the problem has exploitable structure that the worst-case complexity bound
does not capture.



Specifically, the discharge calculus exploits the fact that each compara-
tor simultaneously establishes an ordering relation and eliminates a degree
of freedom. The branch atoms introduced by measurement are consumed
by discharge, keeping the state compact. This is analogous to Gaussian
elimination, where each pivot simultaneously adds information and reduces
the problem dimension.

8.2 Generalization

The discharge calculus operates on any network of binary-branching oper-
ations that establish order relations. This suggests potential applications
to:

e Verification of merging networks
e Verification of median networks
e Analysis of other comparator-based computations

Whether the technique extends to non-comparison-based computations
(e.g., XOR/AND networks as in cryptographic hash functions) remains an
open and intriguing question.

8.3 Limitations

1. The O(N?3) bound is empirical, measured on Batcher networks and
known optimal networks. A formal worst-case polynomial bound is not
yet proven, though the Isabelle formalization establishes soundness.

2. BDD size depends on variable ordering. Our measurements use a natu-
ral ordering (branch atoms ordered by comparator index). Adversarial
orderings could in principle cause exponential BDD blowup, though
we have not observed this on any network tested.

3. The relationship between our result and Parberry’s co-NP-completeness
result requires careful analysis. We conjecture that the co-NP-hardness
construction produces networks whose BDD representation is inher-
ently exponential, while “natural” sorting networks (including all op-
timal and near-optimal networks) have polynomial BDD representa-
tions.

9 Conclusion

We have presented the discharge calculus, a symbolic method for verify-
ing sorting networks in empirically polynomial time. The method replaces
exponential enumeration with constraint propagation, tracks the evolving



ordering state as a BDD, and achieves O(N?3) scaling through N = 256.
The core algorithm is machine-checked in Isabelle/HOL, and all known op-
timal networks for NV < 9 verify in milliseconds.

The sorting network verification problem has been open for over sixty
years, with the 2V barrier of the 0-1 principle widely regarded as inherent.
Our result suggests it is not—that the structure of sorting networks admits
polynomial verification, and that the discharge calculus provides one such
method.
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