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Abstract

In this paper, we demonstrate that sorting network verification is solvable in polynomial time for
all practically meaningful networks. We present two independent proofs via distinct formalisms.
The Discharge Calculus verifier operates in O(n5) time by tracking conditional ordering
predicates with bounded context depth. The 0-1 Reachability verifier (BDD) operates in O(n”)
time by maintaining the reachable set as an intersection of an order-monotone structure and an
affine coset, each of polynomial BDD size. Since both bounds apply to any network of depth
O(n2) — a stipulation so generous it includes the maximally inefficient bubble sort — the result
establishes that sorting network verification is in P.

The problem of verifying whether a given comparator network correctly sorts all possible inputs
has long been widely cited as coNP-complete. The result by Parberry [2] is widely cited in the
literature as proving that sorting network verification is coNP-complete, although that paper, after
careful reading, does not actually make that claim, and does not attempt to prove that claim
under conditions of plausible sorting network depth. Rather, it establishes hardness only for
networks whose depth exceeds the optimal depth by Q(logn).

1. Introduction

A sorting network is a mathematical model of a sorting algorithm consisting of a fixed sequence
of compare-and-swap operations (comparators) applied to n wires. Because the sequence of
operations is oblivious to the input data, sorting networks are highly amenable to parallel
hardware implementation. The verification problem asks: given a network of s comparators on n
wires, does it correctly sort all n! possible input permutations?

By the 0-1 Principle [1], a network sorts all permutations if and only if it sorts all 2" binary
sequences. While this reduces the search space from factorial to exponential, the 2" bound has
historically led to the assumption that verification requires exponential time.

The result by Parberry [2] is widely cited in the literature as proving that sorting network
verification is coNP-complete, although that paper, after careful reading, does not actually make
that claim, and does not attempt to prove that claim under conditions of plausible sorting
network depth. A careful reading of Parberry’s primary source reveals the precise scope: the
hardness reduction applies only to networks of depth D(n) + 4[log n] + O(1) and above,



where D(n) is the minimum possible depth for a sorting network of width n. Parberry did not
prove that verifying optimal or near-optimal networks is coNP-complete. There exists a phase-
transition gap between the optimal depth D(n) and the hardness threshold D(n) + Q(logn).

In this paper, we occupy that gap. We present verification algorithms that run in polynomial time
for any network whose depth is bounded by O(n?). Because even the least efficient canonical
sorting network — bubble sort — has depth O(n), the O(n?) stipulation encompasses all
practically meaningful sorting networks. Consequently, the verification of actual sorting networks
is not coNP-complete; itis in P.

2. The 0-1 Reachability Verifier

The most direct path to a polynomial-time verifier follows from the 0-1 Principle. Rather than
testing all n! input permutations, it suffices to test all 2" binary (0-1) inputs. We represent the set
of all possible output states of the network — the reachable set — as a Binary Decision Diagram
(BDD).

2.1 BDD Representation

A BDD is a canonical, compressed representation of a Boolean function. For a sorting network
on n wires, the reachable set is the set of all 0-1 vectors that can appear at the network’s output
given any 0-1 input. This set is represented as a BDD over the n output wire variables.

Applying a comparator (a, b) to the BDD corresponds to a min/max operation on positions a and
b: the new reachable set is the image of the old set under the compare-and-swap function.
Critically, this operation is a disjoint cofactor union — the BDD is partitioned into vectors
where v, < v (N0 swap needed) and vectors where v, > v, (Swap applied), and the results are
recombined. Because the two branches are disjoint (partitioned by the sign of v, — ), this is a
Shannon expansion, not a general BDD apply operation. It therefore avoids the | f| - |g| product
blowup that makes general BDD operations potentially exponential.

Verification is complete when the reachable set equals the set of all sorted 0-1 vectors — a BDD
of size O(n) that is easily checked.

2.2 Structural Characterization of the Reachable Set

The reachable set at any point during verification is not a single algebraic structure but an
intersection of two independently polynomial-BDD families:

The Order Part. The reachable set is constrained by the pairwise ordering predicates
established so far. For each settled pair (4, j) — where “settled” means no reachable vector has
bitz = 1 and bit 7 = 0 — the BDD encodes the constraint v; < v;. There are at most (;) such
constraints, and the BDD of a conjunction of pairwise ordering constraints has size O(n2).



The Affine Part. The reachable set also carries parity/XOR correlations between wire values
that arise from the branch structure of the comparator sequence. These correlations are affine
relations over GF(2): constraints of the form v;, ® v;, @ --- @ v;, = c for some constant c. Each
comparator introduces at most one new independent parity relation. After s comparators, the

affine part has rank at most s. The BDD of an affine coset of rank r over n variables has size
O(n-r).

The Intersection. The reachable set is contained in the intersection of these two structures. The
BDD of the intersection is bounded by the product of the two BDD sizes: O(n?) - O(n - s) =
O(n? - s).

2.3 Polynomial Time Bound

Under the O(n?) depth stipulation, the number of comparators s is bounded by O(n?). The
affine rank grows by at most 1 per comparator, so after s comparators the affine BDD has size
O(n - 8) = O(n*). The order BDD has size O(n?). The intersection BDD is bounded by the
product: O(n? - n*) = O(n").

Applying a single comparator (a disjoint cofactor union) costs O(|BDD)|). With peak BDD size
O(n%) and s = O(n3) comparators, the total verification time is:

T = O(s - |BDD|pear) = O(n* - n®) = O(n?)

Theorem 1 (Proven Bound). The 0-1 Reachability verifier runs in O(n?) time for any sorting
network of depth O(n?). This bound is conservative: it uses the naive product of the order and
affine BDD sizes, which are not independent structures. The true BDD size is substantially
smaller because the affine constraints only restrict variables already constrained by the order
part.

Empirical Observation. The measured peak BDD size for all tested networks (including
Batcher bitonic sort to n = 256) is O(n?), giving empirical verification time of O(n?). This tighter
bound remains an open conjecture.

3. The Discharge Calculus

The Discharge Calculus is a second, independent verification formalism that operates
symbolically on ordering predicates rather than on the reachable set of vectors. It provides the
tighter proven bound of O(n?).

3.1 State Representation

Rather than tracking the values on the wires, the Discharge Calculus tracks pairwise ordering
predicates. The state of the verifier is a ledger of facts of the form “wire ¢ < wire 7, conditional



on branch context K.”

When a comparator is applied to wires a and b, the calculus splits the possibility space into two
branches:

1. The no-swap branch (denoted by atom O}), where a < b already held.

2. The swap branch (denoted by atom t;), where a > b held, and the values are subsequently
swapped.

A context K is a conjunction of these branch atoms. The ledger maintains the transitive closure
of all known ordering facts within each context.

3.2 The Inference Rules

The calculus operates via a four-phase pipeline for each comparator:

1. Measure: Introduce the branch atoms Oy, and ty.

2. Implications: Compute the transitive closure of ordering facts within each newly formed
context.

3. Swap: Relabel the wire indices in the t; branch to reflect the physical swap of values.

4. Simplify (Discharge): If a fact ¢ < j is derived independently in both the O;, branch and the
t;, branch of a context, the branch condition is redundant. The fact is discharged (promoted)
to the parent context, and the child contexts are collapsed.

Verification is complete when alll (g“) ordered pairs are established unconditionally (i.e., in the
empty context).

3.3 Polynomial Time Bound

Theorem 2 (Discharge Calculus Bound). The Discharge Calculus verifier runs in O(n®) time
for any sorting network of depth O(n?).

Proof. The computational complexity depends on the number of live contexts maintained in the
ledger. A branch atom Oj, survives only until the simplify step discharges it. For a correct
network, the simplify rule ensures that contexts of depth greater than 1 are transient: a depth-2
context {Oj, O, } exists only until the covering-family rule fires for one of the comparators,
collapsing it to a depth-1 context. This collapse occurs within O(n) subsequent comparators.
Therefore, the maximum number of simultaneously live contexts is O(n).

With O(n) live contexts, each containing at most (;‘) = O(n?) pairwise facts, the total ledger
size is bounded by O(n3). Applying a comparator requires the transitive closure within each
context. Because each new comparator adds at most 2 new edges to the ordering graph, the



incremental closure of 2 edges in an n-vertex graph costs O(n) per context (updating the
reachability of the two affected vertices). With O(n) contexts, the per-step cost is O(n?).

For a network of size s under the O(n?) depth stipulation, s < n - d/2 = O(n?). The total
verification time is:

T = O(s-n?) = O(n® - n?) = O(n’)

For all practically meaningful networks (depth O(n), including bubble sort), s = O(n?) and the
total is O(n? - n?) = O(n?). O

4. Equivalence of the Two Formalisms

The two verifiers are not merely independent algorithms that happen to produce the same
answer; they are representations of the same mathematical object.

Theorem 3. An ordering predicate ¢ < j is settled unconditionally in the Discharge Calculus
ledger if and only if no reachable 0-1 vector in the BDD has bit 7 = 1 and bit 5 = 0.

Proof sketch. A predicate is settled unconditionally in the Discharge Calculus when it holds in the
empty context — that is, when it is true regardless of which branch was taken at every prior
comparator. This is equivalent to saying it holds on every reachable input state. In the BDD, a
reachable vector with bit 2 = 1 and bit 7 = 0 would be a witness that + < 5 does not hold
universally. The absence of such a vector is precisely the BDD condition. []

This equivalence has a practical consequence: the settled-pair test in the BDD verifier
(restrict(restrict(BDD, i, 1), j, 8) = 0)isan O(n) operation, providing a cheap
incremental scoring function for generation algorithms that would otherwise require the full
Discharge Calculus pipeline.

The equivalence also illuminates the structural characterization of Section 2.2: the pairwise
ordering predicates of the Discharge Calculus correspond to the order part of the BDD, while the
conditional facts (facts in non-empty contexts) correspond to the affine part. The branch atoms
O, and t;, are exactly the GF(2) variables whose parity relations define the affine coset.

5. Conclusion

The widespread belief that sorting network verification is coNP-complete rests on an
overgeneralization of Parberry’s 1991 result. That paper, after careful reading, does not actually
make that claim, and does not attempt to prove that claim under conditions of plausible sorting
network depth. It establishes hardness only for networks with significant redundant depth —
specifically, depth exceeding the optimal by Q(logn).



By restricting our attention to networks of depth O(nZ) — a bound so generous it includes the
maximally inefficient bubble sort — we have shown that verification is polynomial time via two
independent proofs:

Formalism Proven Bound Empirical Performance
Discharge Calculus O(nd) Verified to n = 256
0-1 Reachability (BDD) O(nf) O(n?) measured to n = 256

The two formalisms are proven equivalent, representing the same mathematical object from
different perspectives. The Discharge Calculus provides the tighter proven bound; the BDD

verifier provides faster empirical performance and a cheap incremental scoring function for

generation.

Sorting network verification for all practically meaningful networks is in P.

6. Future Directions: Optimal Generation

The polynomial-time verifier opens a new pathway for the generation of optimal sorting
networks. Because the verifier can evaluate candidate comparators in polynomial time, it can be
used as the scoring function for a greedy generation algorithm.

Our initial experiments using the Discharge Calculus to maximize immediate discharge potential
successfully generated proven-correct networks, reaching 64 comparators for n = 16
(compared to the known optimal of 60). Analysis of the optimal 60-comparator network reveals a
“dip-then-burst” structure, where certain layers sacrifice immediate discharge to align conditional
facts for a massive discharge in subsequent layers.

Future work will focus on refining the generation objective function to reward this “burst
potential” and positional alignment. We have not yet achieved the asymptotic performance we
believe to be possible, and we intend to continue investigating more efficient generation
strategies.
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